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Introduction 



The aim of this work is: 

1. to study adjoint and Frobenius pairs of functors between comodule categories over 
corings; 

2. to extend the comatrix coring defined in [311 [IE] to a quasi-finite comodule over a 
coring and to study equivalences between of comodule categories over corings. We 
think that our generalized comatrix coring gives more concrete characterizations of 
these equivalences; 

3. to extend the Picard group from algebras [HI E] and coalgebras over fields [92j to corings 
and extend some of their properties; 

4. and to apply the obtained results to induction functors over different base rings and 
to corings coming from entwined structures and graded ring theory, in order to give 
more concrete and new results. For example, we give a characterization of adjoint and 
Frobenius pairs of functors between categories of graded modules over G-sets. 

We conclude that the notion of a coring unifies several important algebraic structures 
of current interest and is a powerful tool which allows to obtain more concrete and simple 
results than the already existing ones. 

Corings were introduced by M. Sweedler in [89] as a generalization of coalgebras over 
commutative rings to the case of non-commutative rings, to give a formulation of a predual 
of the Jacobson-Bourbaki's theorem for intermediate extensions of division ring extensions. 
Thus, a coring over an associative ring with unit A is a comonoid in the monoidal category 
of all A-bimodules. Further study of corings are given by several authors, for example, see 
[SI1E2]- It is well known that algebras and coalgebras over fields (see [HHHHEO]), or more 
generally over rings (see [IB]), are special cases of corings. 

Recently, corings were intensively studied. The main motivation of these studies is an 
observation by Takeuchi, namely that an entwining structure (resp. an entwined module) 
can be viewed as a suitable coring (resp. as a comodule over a suitable coring) (see 
Theorem II. 5. 7p . T. Brzezihski has given in [T3] some new examples and general properties 
of corings. Among them, a study of Frobenius corings is developed, extending previous 
results on entwining structures [I3] and relative Hopf modules [22] . 

A pair of functors {F,G) is said to be a Frobenius pair [25], if G is at the same time 
a left and right adjoint to F. That is a standard name which we use instead of Morita's 
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original strongly adjoint pairs" [71J. The functors F and G are known as Frobenius 
functors [22j. The study of Frobenius functors was motivated by a paper of K. Morita, 
where he proved [7T1 Theorem 5.1] that given a ring extension i : A —>■ B, the induction 
functor — ®A B : M.a — >^ A^b is a Frobenius functor if and only if the morphism i 
is Frobenius in the sense of [59] (see also [72]): aB is finitely generated projective and 
bBa — Hom^(^i?, A-^) as (5, A)-bimodules. There is another interesting result relating 
Forbenius extensions of rings and corings [SUl Proposition 4.3]: A ring extension i : A ^ B 
is a Frobenius extension if and only if the bimodule aBa is endowed by a structure of 
yl-coring such that the comultiplication is a S-bimodule map. 

The dual result of Morita's [71, Theorem 5.1] for coalgebras over fields was proved 
in [25l Theorem 3.5] and it states that the corestriction functor (— : — ^ M.^ 
associated to a morphism of coalgebras ip : C D Frobenius if and only if Cr, is 
quasi-finite and injective and there exists an isomorphism of bicomodules h-nicCD, D) ~ 
dCc (here, h.D{C,—) denotes the "cohom" functor). Since corings generalize both rings 
and coalgebras over fields, one may expect that [71] Theorem 5.1] and [25], Theorem 3.5] 
are specializations of a general statement on homomorphisms of corings. In Chapter 2, 
we find such a result (Theorem 12.3.11) and introduce the notion of a (right) Frobenius 
extension of corings (see Definition I2.3.2p . To prove such a result, we study adjoint pairs 
and Frobenius pairs of functors between categories of comodules over rather general corings. 
Precedents for categories of modules and categories of comodules over coalgebras over fields 
are contained in [71], [91], [25] and ^19]. More recently, Frobenius corings (i.e., corings for 
which the functor forgetting the coaction is Frobenius), have intensively been studied in 

[adsidnicHKin]. 

We think that our general approach produces results of independent interest, beyond 
the aforementioned extension to the coring setting of [7T| Theorem 5.1] and [25l Theorem 
3.5] and contributes to the understanding of the behavior of the cotensor product functor 
for corings. In fact, our general results, although they are sometimes rather technical, have 
other applications and will probably find more. For instance, we have used them to prove 
new results on equivalences of comodule categories over corings that are expounded in 
Chapter 3. Moreover, when applied to corings stemming from different algebraic theories 
of current interest, they boil down to new (more concrete) results. As an illustration, we 
consider entwined modules over an entwining structure in Section [2^ and graded modules 
over G-sets in Section 12.51 

Comatrix corings were introduced in [31] in order to give the structure of corings whose 
category of right comodules has a finitely generated projective generator, and the structure 
of cosemisimple corings which were defined and studied in [36]. In [16] the authors have 
given an equivalent definition of them and studied when are cosplit, coseparable, and 
Frobenius. 

In Section 13.11 we extend comatrix coring to the case of quasi-finite comodules and we 
study when is cosplit, coseparable, and Frobenius. Suppose that a*^ and bS) are flat. Let 
X e and A e and suppose that -DcX is a left adjoint to -DsA. If and Db 

are fiat and cX, j)A are cofiat, or A and B are von Neumann or if € and D are coseparable. 
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then the -B-bimodule AD^X is endowed with a structure of i?-coring (Theorem 13. l.ip . The 
coproduct is 

A : ADcX ADc{<tD^X) ^"'"^""""^^ Ane;((Xnj,A)ne;X) (Ane;X)nj,(AncX) 

{ADeX) ®B (ADcX), 

where 77 is the counit of this adjunction, and the counit is e = o to : AD^X ^ B ■ 

The most important property of this coring is the following: Let A G ^A^*^ be a 
bicomodule, quasi-finite as a right C-comodule, such that and sS) are flat. Set X = 
WiA,€) e ^M"^. If 

(a) (Ea and Db are flat, the cohom functor hir(A, — ) is exact and x)A is coflat, or 

(b) A and B are von Neumann regular rings and the cohom functor h(r{A, — ) is exact or 

(c) C and 2) are coseparable corings, 

then the canonical isomorphism 6\ : ee:(A) ^ ADirX is an isomorphism of 5-corings 

(see Proposition 13. 1.^ . We think that, under these conditions, this coring isomorphism 
gives a concrete description of the coendomorphism coring even in the case of coalgebras 
over fields. Indeed, let C be a coalgebra over a field k and A G Ai'" a quasi-finite and 
injective comodule. Then ec(A) ~ Anchc(A, C) as coalgebras (the case (b)) (see Corollary 
I3.1.5p . We also think that the last isomorphism gives a more concrete characterization 
of equivalence between categories of comodules over coalgebras over a field, than that 
of Takeuchi [UT]. Of course, this characterization of the coendomorphism coring is also 
useful in the characterization of equivalence between categories of comodules over corings. 
Indeed, in Section 13.21 we study equivalences between categories of comodules over rather 
general corings. We generalize and improve (using results we give in Chapter 2) the main 
results concerning equivalences between categories of comodules given in ^T\, [1] and [TH] . 
We also give new characterizations of equivalences between categories of comodules over 
coseparable corings and corings over QF rings. We apply our results to the particular case 
of the adjoint pair of functors associated to a morphism of corings over different base rings. 
Finally, when applied to corings associated to entwining structures and that associated to 
a G-graded algebra and a right G-set, we obtain new results concerning entwined modules 
and graded modules. We think that our result. Theorem 13.4.41 is more simple than Del 
Rio's ^81, Theorem 2.3]. 

In [82] the Picard group of an Azumaya algebra is defined and the connections between 
this group and the algebra automorphisms are studied. H. Bass generalized in [HI [9] the 
Picard group and these connections for arbitrary algebras. Further study of the Picard 
group of algebras is given in [SS] . Morita theory for rings with local units was developed in 
[2] or [H] . In [TU] the authors introduced the Picard group of a ring with local units and gave 
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the versions of the corresponding connections for this ring, in order to study the Picard 
group of the category R — gr, where i? is a G-graded ring. In the authors defined the 
Picard group of a coalgebra over a field and studied the corresponding connections for it. 

The purpose of Chapter 4 is to introduce and study the right Picard group of corings. 
The motivation is the fact that there is an isomorphism of groups between the Picard 
group of the category Ai*^, for a certain coring €. and the right Picard group of which is 
defined as the group of the isomorphism classes of right invertible C-bicomodules (=T(€) 
for some fc-autoequivalence of A1^, T) with the composition law induced by the cotensor 
product (see Proposition 14.1.31) . It is clear that the Picard group of corings generalizes that 
of algebras and coalgebras over fields. We recall two theorems, the first is [9; Proposition 
II (5.2)(3)] (see also [29], Theorems 55.9, 55.11]) and the second is the particular case of 
[021 Theorem 2.7] where R = k. 

Theorem 0.0.1. For a k-algebra A, there is an exact sequence 

1 ^ Innfc(yl) ^ Autfc(A) ^ Picfc(A) , 

where Inuf^lA) := {a ^ bab^^ \ b invertible in A}, the group of inner automorphisms of A. 
Theorem 0.0.2. For a coalgebra C over a field k, there is an exact sequence 

1 Innfc(C) Autfc(C) PiCfc(C) , 

where Innfe(C) (the group of inner automorphisms of C) is the set of ip E Autfc(C) such 
that there is p E C* invertible with (p{c) = X]p(c(i))c(2)P~"'^(c(3)), for every c E C. 

Our Theorem 14.1.61 generalizes both Theorem 10.0. II and Theorem 10.0.21 We extend the 
Aut-Pic property from algebras [llj and coalgebras over fields to corings, namely, a 
coring (t, which is fiat on both sides over its base ring A, has the right Aut-Pic property, 
if the morphism Autfc(C) Pic^(C) is an epimorphism. We also extend a result which is 
useful to show that a given coring € has the right Aut-Pic property (Proposition 2.7). Of 
course, all of the examples of algebras and coalgebras having the Aut-Pic property that 
are given in [TH [2H] are corings having this property. In this chapter, we give some new 
examples of corings having the Aut-Pic property. We also simplify the computation of the 
right Picard group of several interesting corings (see Proposition 14.2.61) . Finally, in Section 
4, we give the corresponding exact sequences for the category of entwined modules over 
an entwining structure, the category of Doi-Koppinen-Hopf modules over a Doi-Koppinen 
structure and the category of graded modules by a G-set, where G is a group. Our result, 
regarding the Picard group of the category gr — {A, X, G), is more natural than the Beattie- 
Del Ri'o result given in [IHl §2]. 

Now, we move to a more detailed outline of the contents of this work. 

Chapter 1. The aim of this chapter is to collect some results that will be useful in the 
next chapters. Several of them are new. In Section 1, we state certain results of category 
and ring theory. Sometimes, we also give some proofs in order to give the reader clear tools 
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that are necessary to understand the rest of this work. Section 2 is devoted to the study 
of the category of comodules over a coring. In Section 3, we study the cotensor product 
over corings. Section 4 deals with the cohom functor and the coendomorphism coring. We 
give complete and rigorous proofs of the most results in Section 2 and of all the stated 
results in Sections 3 and 4. Finally, in Section 5, we recall the definitions and some results 
regarding induction functors, entwining structures and graded rings. 

For an introduction to the theory of abelian and Grothendieck categories, we refer 
to the very famous and monumental paper by A. Grothendieck (known as the "Tohoku 
paper") [46j. For a complete treatment, we refer to [39l [371 EHl [THl EU [86] and the very 
recent book by M. Kashiwara and P. Schapira [60]. For the foundation of the theory of 
categories, using Grothendieck's universes, see [19]. For a detailed discussion of corings, 
we refer to [IH]. We refer to [IHl [23] for a study of entwining structures and to (THl [731 EI! 
for graded ring theory. 



Chapter 2. Section [2711 deals with adjoint and Frobenius pairs on categories of comod- 
ules. Some refinements of results from |42j and [T8l §23] on the representation as cotensor 
product functors of certain functors between comodule categories are needed and are, thus, 
included in Section 12. 1[ From our general discussion on adjoint pairs of cotensor product 
functors, we will derive our main general result on Frobenius pairs between comodule cate- 
gories (Theorem 12 . 1 .20p that extends the known characterizations in the setting of modules 
over rings and of comodules over coalgebras. In the first case, the key property to derive 
the result on modules from Theorem 12.1.201 is the separability of the trivial corings (see 
Remark 12.1.221) . In the case of coalgebras, the fundamental additional property is the 
duality between finite left and right comodules. We already consider a much more general 
situation in Section 12. 2^ where we introduce the class of so called corings having a duality 
for which we prove characterizations of Frobenius pairs that are similar to the coalgebra 
case. 

Section 12.31 is one of the principal motivations of this study. After the technical devel- 
opment of sections 12.11 and 12. 2[ our main results follow without difficulty. We prove, in 
particular, that the induction functor —(E)aB : M.'^ ^ associated to a homomorphism 
[if, p) : £ — > 2) of corings C and D flat over their respective base rings A and B is Frobenius 
if and only if the (C, S})-bicomodule (H^aB is quasi-finite and injector as a right S}-comodule 
and there exists an isomorphism of {D, C)-bicomodules hj)(fi!:(8)^i?, D) ~ B^a^ (Theorem 
I2.3.ip . We show as well how this theorem unifies previous results for ring homomorphisms 
[TTj Theorem 5.1], coalgebra maps [23, Theorem 3.5] and Frobenius corings [IHl 27.10, 
28.8]. 

In Section [2741 we specialize one of the general results on corings to entwining structures. 

In Section 12.51 we particularize our results in the previous sections to the coring asso- 
ciated to a G-graded algebra and a G-set, where G ia a group. Then, we obtain a series of 
new results for graded modules by G-sets. 

Chapter 3. In Section 13. 1[ we generalize the comatrix coring introduced in [31] and 
[T6] . We also generalize some of its interesting properties given in [16] . Section 13.21 is 
devoted to the study of equivalences of comodule categories over corings. Our results 
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given in |96| and Section 13.11 will allow us to generalize and improve the main results in 
both [1] and [IE] (see Propositions KT^ Theorems KTEl and also to give 

new results concerning equivalences of comodule categories over coseparable corings (see 
Propositions 13.2.21 13.2.61 Theorems 13.2.81 [3.2.101) and over corings over QF rings (Theorem 
13.2. 16p . Obviously, our last theorem generalizes [91, Theorem 3.5] and [4, Corollary 7.6]. 
In Section 13. 3^ we deal with the application of some of our results given in Section 13.21 to 
the induction functor. In Section 12. 4^ we apply some of our results given in the previous 
sections to the corings associated to entwining structures, in particular, those associated 
to a G- graded algebra and a right G-set, where G is a group. 

Chapter 4. The aim of Section 14.11 is to introduce and study the Picard group of 
corings. Section 14.21 is devoted to define the Aut-Pic property for corings and give some 
new examples of corings having this property. In the final section ^^31 we apply our result. 
Theorem 14.1.61 to the corings coming from entwining structures, specially from graded ring 
theory. 
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Some general notations 

(i) Throughout this work, unless otherwise stated, k denotes an associative and commu- 
tative ring with unit. A, A', A", Ai, A2, B, Bi and B2 denote associative and unitary 
algebras over k and C', C^", C^i, (^2, 2), Di and D2 denote corings over A, A\ A", 
Ai, A2, B, Bi and ^2, respectively. 

(ii) Set will denote the category of sets, Ab will denote the category of abelian groups, 
and Ma, aM. and aM. b will denote the categories of right A-modules, left ^-modules 
and (^4, S)-modules, respectively. 

(iii) The notation ® will stand for the tensor product over k. 

(iv) We denote the dual algebra of an algebra ^ by ^4°. We denote the dual category of 
a category C by C°. 



10 



Chapter 1 
Generalities 



1.1 Some category and ring theory 

We refer to Grothendieck's paper [l6j for the definitions of the basic notions of abehan 
categories. We recall only Grothendieck's following axioms for a category C: 

AB 1) Every morphism in C has a kernel and cokernel. 

AB 2) For every morphism u : A ^ B in C, the induced morphism u : Coim(M) Im(M) 
defined to be the unique morphism making commutative the diagram 

Ker(M) ^ A ^ B ^ Coker(M) , 

Coim(M) " > lm{u) 

is an isomorphism. 
AB 3) The direct sum of every family of objects (Aj)jg/ of C exists. 

AB 4) The axiom AB 3) holds, and the direct sum of a family of monomorphisms is a 
monomorphism. 

AB 5) The axiom AB 3) holds, and if {Ai)i(zi is a directed family of subobjects of an object 
A e C, and B is an arbitrary subobject of A, then 

{J2A)nB = J2iA^^B). 

i i 

AB 6) The axiom AB 3) holds, and for every object A G C and every family {B^)j(zj, 
where B^ = {Bl)i^j. is a directed family of subobjects of A for every j G J, 
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(This axiom includes implicitly the existence of the greatest lower bound of every 
family of subobjects of A.) 



Obviously the axioms AB 1) and AB 2) coincide with their duals. We define also the 
dual axioms AB 3*), AB 4*), AB 5*), and AB 6*). 

A category is called additive if it is preadditive, has a zero object and finite products 
(or coproducts). A category is called abelian if it is additive and satisfies AB 1) and AB 2). 

fc-categories, /c-functors. A category C is said to be k-category if for every C, C G C, 
Homc(C, C") is a /c-module, and the composition is fc-bilinear. In particular, for every 
C G C, Endc(C) is a fc-algebra. For a /c-algebra A, A4a is a fc-category. 

A functor between fc-categories is said to be k- functor or k- linear functor if it is A;-linear 
on the fc-modules of morphisms. 

Of course, if = Z, we find the very well known notions of a preadditive category and 
additive functor. 

gory is called a k- abelian category if it is an abelian category. 

Let C be a fc-category. Following Mac Lane ( [Ml p. 194]), a biproduct diagram for the 
objects A, S G C is a diagram 

h P2 , ^ 

A^C^B (LI) 

Pl 12 

such that the morphisms Pi,p2,ii,i2 satisfy the conditions 

piii = 1a, P2i2 = Is, iiPi + i2P2 = Ic- (1-2) 

In particular, pi,p2 are epimorphisms, ^1,22 are monomorphisms, p2^i = and pii2 = 0. 
If such biproduct exists, it is both a product and coproduct. 

Proposition 1.1.1. Let C and D be two k-categories such that all two objects have a 
biproduct diagram. Then a functor T : C ^ D zs k-linear if and only if the following hold 

(a) T carries every biproduct diagram in C to a biproduct diagram in D, 

(b) T{hlA) = hlT(A) for every A E C and h Ek. 

Proof. First, by Grothendieck's [Hll Proposition VIII. 4], T is additive if and only if the 
condition (a) holds. On the other hand, for every morphism f : A ^ B in C and h E k, 
hf = (/iIa)/. Hence the claimed result follows. □ 

A functor T : C ^ D between abelian categories is said to be middle- exact if for every 
short exact sequence O^A^B~^C—^0, the sequence T{A) T{B) T{C) is exact. 
Obviously every left (right) exact functor is middle-exact. 

Proposition 1.1.2. Every middle- exact functor is additive. 

Proof. Let A,BeC Let pi,p2,ii,i2 be morphisms satisfying (11. ip . It is easy to verify 
that (11.21) is equivalent to 
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(a) piii = 1a and ^2^2 = Is, and 



(b) the sequences ^A^^C^^B ^0 and ^B^^C^^A ^0 

are exact. 

Finally, the use of Proposition II. 1.11 achieves the proof. □ 

Abelian subcategory. Let C be an abelian category. A nonempty full subcategory 
of C, B, is called an abelian subcategory if B is abelian and the injection functor B — C 
is exact. The proof of the following lemma is straightforward. 

Lemma 1.1.3. Let C be an abelian category, and B be a nonempty full subcategory of C 
Then 

(1) B is additive if and only z/ G B and for every i?2 G B, i?i © i?2 G B. 

(2) 'B is an abelian subcategory of Q if and only ifB is additive, and for every morphism 
f : B ^ B' inB, Ker(/), Coker(/) G B ([371 Theorem 3.41]). 

Diagram categories. We propose here a detailed exposition of diagram categories. 
This paragraph is essentially due to Grothendieck, see [IS] . 

A diagram scheme is a triple S = (J, $, d) consisting of two sets / and $ and a map 
d : $ ^ / X /. The elements of / are called the vertices, the elements of $ are called the 
arrows of the scheme. If cp is an arrow of the diagram, d{(p) = {i,j) is called its direction, 
characterized by the origin and the extremity of the arrow: i and j. In this situation we 
write if : i ^ j. 

A composite arrow of origin i and extremity j is defined to be a nonempty finite 
sequence of arrows ip = {ipi, . . . , ipn) such that the origin of ipi is i and the extremity of ipn 
is j. We say that n is the length of (p. 

Let C be a category and S a diagram scheme. A diagram in C of scheme S* is a map 
D which assigns to every i G / an object D{i) C and assigns to every arrow (p : i ^ j, a 
morphism D{(f) : D{i) — > D{j) in C. A morphism v from a diagram D to another D' is a 
family of morphisms Vi : D{i) D'{i) such that for every arrow ip : i j, the diagram in 
C 



D{j)^D\j) 

is commutative. Let v : D ^ D' and v' : D' ^ D" be morphisms of diagrams. We 
define two morphisms of diagrams v'v : D D" and lo '■ D ^ D hy {v'v)i = v[vi and 
(l£i)i = lz)(i) for every i G /. 

The diagrams in C of scheme S with their morphisms is a category which we denote 
by C^. 
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A diagram scheme S — (/, $, d) and a diagram D e are called finite (resp. discrete) 
if / is a finite set (resp. $ = 0) . 

Now let D he a diagram C of scheme S and (/? = {ipi, .... Lpn) be a composite arrow of 
origin i and extremity j. Define the morphism D{(f) = D{(fn) ■ ■ ■ D{'^i) : D{i) — > D{j) in 
C. We say that D is a commutative diagram if D[(p) = D{ip') for every composite arrows 
(p and (p' which have the same origin and the same extremity. 

Lemma 1.1.4. [The Cube Lemma] 

Consider the following diagram in a fixed category. 




If h4 is a monomorphism, and all squares, save possibly the top one, are commutative, then 
the cube is also commutative. 

Proof. We have 

^4/2/1 = g2h2fi = g2gihi = gmhi = gihafs = /i4/4/3- 

Since is a monomorphism, we obtain /2/1 = fifs- □ 

Let S = (/, $, d,) be a diagram scheme. We define the dual scheme of S to be 5"° = 
(/, $, d°) where :$—>•/ x / is the map defined by d°{ip) = {j, i) for every 99 G $ such 
that d{ip) = {i,j). Consider the contravariant functor 

(_)° : ^ (c°)^° (1.3) 

which assigns to a diagram D £ C*^ the diagram D° e (C°)'^° defined by D°{i) = D{i) 
and D°{ip°) = D{ip)° for every i G / and (/? G It also assigns to a morphism of diagrams 
V : D D' the morphism of diagrams v° : D'° D° such that {v°)i = (fj)° for every 
i E I. This functor leads to an isomorphism of categories 

(C^)° ~ (C°)^°. (1.4) 

An object A of a category C is called an initial object if Home (A, B) is a singleton for 
every S G C. An initial object is determined up to an isomorphism. Dually we define a 
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final object. An object is called a zero object if it is at the same time an initial and final 
object. In a preadditive category, an object is an initial object if and only it is a final 
object, if and only if it is a zero object. 

Now we will see that the category C*^ inherits interesting properties from the category 

C. 

Lemma 1.1.5. Let C be a category and S — a diagram scheme. Then 

(i) If C is a k-category then the same holds for . 

(a) If C has an initial (resp. a final, resp. a zero) object then the same holds for . 

(Hi) If C has products (finite products) (resp. direct sums (finite direct sums)) then the 
same holds for . 

(iv) If C has kernels (resp. cokernels) then the same holds for . 

(v) Let C be a k-abelian category. Then so is . A subobject of a diagram D G C'^ is 
a family of objects {D'{i))i^i such that D'{i) is a subobject of D{i) for every i G I, 
and for every arrow (f : i ^ j of S, D{(f).D'{i) C D'{j) as subobjects of D{j). The 
morphism D'{(f) is then defined to be the unique morphism making commutative the 
diagram 

^D'{i) ^D{i) 



^D'{3) ^D{3). 

If moreover C satisfy one of the statements AB 4), AB 5), AB 6), or one of their 
dual statements AB 4*), AB 5*), AB 6*), then the same holds for . 

Proof, (i) Let C be a /c-category and v,uj : D ^ D' two morphisms of diagrams in C'^. 
Set 

{v + u)i = + Ui, {hv)i = hvi 

for all i e / and h & k. It is easy to verify that Hom^s (D , D') is a /c-module with the 
morphism of diagrams Oi = : D[i) ^ D'[i), i & I, as neutral element for the addition, 
and the composition is A;-bilinear. 

(ii) Let C be an initial object in C. Let D G C'^ be the diagram defined by: D{i) = C 
for every i G /, and D{ip) be the unique morphism C — > C in C for every (/? G Obviously 
D is an initial object in C*^. Analogously we prove the second statement. The third one 
is obvious from the first and the second ones. 

(iii) Suppose that C has products. Let (Z)A)AeA be a nonempty family of diagrams in 
C"^. For every i G / let (HagA-^^I^)' a product of D\{i), A G A, where 
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A e A, are the canonical projections. Let i-p : i 
morphism 



J be an arrow of S. Consider the 

AgA \ A 

in C, i.e. the unique morphism making commutative the diagram 



n,^.(j) '^'^ - i^A(i) 

for every A G A. Then we obtain the diagram defined by 

(11 = n ^A(i), (H = n 

AeA AeA AeA AeA 

and for every A e A, p;^ = (PA,i)ie/ ■ 11// -^a* -^a is a morphism of diagrams. 

Finally, let v\ : D ^ Dx, A e A, be a family of morphisms of diagrams. We should 
prove that there is a unique morphism of diagrams v : D ^ making commutative 

the diagram 




for every AeA. 

For this let i E I . Then there is a unique morphism Vi : D{i) Yin -^//(O ^ making 
commutative the diagram 



("A)i 




for every A G A. It remains to verify that d is a morphism of diagrams. Let 93 : i — > j be 
an arrow of S and AeA. Consider the diagram 



DU] 



P\,i 
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It follows that 



for every A G A. Hence VjD{(p) = (Jl^i -^mIv^))"^*- 
Analogously we prove the second statement. 

Now suppose that C has direct sums. Let (-Da)aga be a nonempty family of diagrams 
in C"^. For every i G / let {(Bx£ADx{i), (MA.i)) be a direct sum of Dx{i), A G A, where 

A G A, are the canonical injections. Define as above the diagram in C'^ 

i®xeADx)ii) = ®xeADxii), i®xeADx)iv) = ©agA^aI^)- 



Moreover, we have that ux = (ux.i)i '■ D 



X 



)^gA-D^ is a morphism in C"^ for every A G A. 



Let (— )° : (C°)'^° be the contravariant functor f lL3p . We have 

{(Bx^ADxTii) = ®xeADx{i) = ®xeADl{i) = (JI^Dl^) 



AeA 



and 



(©,,aZ},)°(^°) = [{®xeADxmY = {®xeADx{v)y = \{DI{v1 = (H^a)!^"), 
for every i G / and G $. Hence 



AeA 



AeA 



^AeA^'A 



AeA 



:l5) 



Finally, (©aga-Da, (^^a)) is then a direct sum of the family (-Da)a in C"^. 
Analogously we prove the last statement. 

(iv) Suppose that C is additive and has kernels. Let v : D ^ D' he a. morphism in C'^. 
Set K{i) = Ker(i;j) for all i & I. Let ip : i —>■ j he a.n arrow of 5*. Then there is a unique 
morphism K{ip) : K{i) — ^ K{j) in C making commutative the diagram with exact rows 







Kit) 



kcr(ui) 



■DH) 







ker(Di) 



DM 



-D'ii) 
D'U). 



:l6) 



We obtain that K G C*^ and (ker(t;j))ig/ : K ^ D is a. morphism in C*^. 

Now, let ^ : D" D he a morphism in C"^ such that vC, = 0. Then, for all i & I, there 
is a unique morphism Ui : D"{i) — > k{i) in C making commutative the diagram 

D"U) 



kcr(t)i) 



D{i)^^D'{t). 
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To complete the proof of the first statement it is enough to verify that uj = {uJi)i : D" K 
is a morphism in C"^. For this, lei Lp : i ^ j be an arrow of S and consider the diagram 



D"{i 




Since ker(t)j) is a monomorphism in C, the rectangle is commutative. Hence K is the 
kernel of t; in C"^. 

Suppose that C is additive and has cokernels. Let v : D ^ D' he a. morphism in C*^. 
Set K'{i) = Coker(t;j) for all i & I. Let <y9 : i — j be an arrow of S. Then there is a unique 
morphism K'{(f) : K'{i) — » K'{j) in C making commutative the diagram with exact rows 



DH) 



D'ii) 



coker(Di) 



K' 







cokor(?jj) 



K'ij)- 



■0. 



Then {K'°, {coker{vi)°)i) is the kernel of v° : D'° D° in (C°)^ . Hence {K', (coker(i;i))i) 
is the cokernel of v : D ^ D' in . 

Finally, (v) is obvious from the statements (i) to (iv), their proofs, and the fact that 
a morphism v : D D' in is an isomorphism if and only if Vi : D{i) D'{i) is an 
isomorphism in C for every i & I. □ 

Remark 1.1.6. Let C be a category and S = (/, d) a diagram scheme. 

(a) Suppose that C has products. Let (-DA)AeA be a nonempty family of diagrams in C'^. 
For a composite arrow ip, ([l\^>di'f) = Ylx^^iv)- 

(b) Suppose that C is additive and has kernels. Let v : D ^ D' he a morphism in C'^. 
Let K he the diagram in C'^ defined as in the proof of Lemma [1.1.51 (iv). Let if he a 
composite arrow of 5* of origin i and extremity j. Then K{(p) : K{i) —>■ K{j) is the 
unique morphism making commutative the diagram (11. 6p . 

Now we consider very interesting full subcategories of C*^. Let be a diagram scheme 
and C an arbitrary category. 

(i) Let i? be a set of couples (</?, ip') where (p and (p' are two composite arrows having 
the same origin and the same extremity, and of composite arrows (p whose origin 
and extremity coincide. Consider C'-'^''^'' the full subcategory of C"^ consisting of the 
diagrams D G C"^ such that D{(p) = D{ip') for every {(p,(p') G R and D{(p) = lD(i) 
for every ip & R of origin and extremity i. 
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(ii) Now assume that C is a /c-category. Let & I x I. Let Rij be a set of formal 
linear combinations of composite arrows of origin i and extremity j with coefficients 
in k, and if i = j we add some formal linear combinations of composite arrows of 
origin and extremity i, and a fixed element Cj, with coefficients in k. Let D be a 
diagram in C'^. We define for every L G Rij, the morphism D{L) : D{i) — >■ D{j) by 
replacing in the expression of L, a composite arrow ip by D{ip), and Cj by l_D(i)- Set 

~ ^{i,j)(^IxlRij- 

A diagram D in C'^ is called R- commutative if D{L) = for every L E R. The couple 
(S*, -R) = S is called a diagram scheme with commutation relations. The equalities 
L = 0, L E R, are called the commutation relations. Consider the full subcategory 
of C*^ consisting of the i?-commutative diagrams. 

Let ip = {ifii, . . . , !fn) be a composite arrow of S of origin i and extremity j. Define the 
composite arrow ip° = {(p'^, . . . , ipl) of S° of origin j and extremity i. Let (— )° : C'^ 
(C°)^° be the contravariant functor ([O]). Then /^"(f/?") = D{(py. Let G / x / 
and L G -Rjj . Let L° be the linear combination obtained by replacing in the expression 
of L each composite arrow ip hj {p°, and if i = j, Cj by a fixed element e°. Let be 
the set of L° where L G Rij. Set = U^ij)eixiR°i- H L e Rij, then L)°(L°) = D{Ly. 
Therefore, D is i?- commutative if and only if D° is commutative. Hence we obtain 
an isomorphism of categories 

(C^)° ~ iC°f°. (1.7) 

Proposition 1.1.7. Let C a k-category and {S,R) = S a diagram scheme with commu- 
tation relations. Then 

(1) is a k-category and the injection functor C'^ —>■ C'^ is k-linear. Moreover, if C has 
a zero object, then the zero object of belongs to C^. 

(2) Suppose that C has products (resp. finite products). Let {Dx)x(za be a nonempty family 
(resp. finite family) of diagrams in C^. Then IlAeA-^^ belongs to C^. The same holds 
for direct sums. 

(3) Suppose that C has kernels. Let v : D D' be a morphism in and K its kernel 
in . Then K belongs to C^. The same holds for cokernels. 

(4) If C is an abelian category, then is an abelian subcategory of . 
Proof. (1) Obvious. 

(2) Let {i,j) E I X I and L = ^^V^'j where ip'' is a composite arrow of origin i and 
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extremity j and hi G k for every /. Then 

m 

A 1=1 X 

m 

1=1 A 

m 

A 1=1 
A 

Hence, if L e Rij then (Ha ^a)(^) = 0. 
On the other hand, 

A 

= H^^aW 

A 
A 

{[[D,){L + he,) = {[[D,){L) + h{[[D,){e,) 

A A A 

= l[Dx{L) + hl[Dx{e,) 

A A 

= llDx{L) + hDx{e,) 

A 

= l[Dx{L + he,). 

A 

Hence, if L + hci G Ru then (Ylx Dx){,L + hci) = 0. 
Analogously we prove the second statement. 

The last statement follows from the first one and the isomorphism of categories fll.7p . 
(3) Let (i, j) e / X / and L = Ym^i hi(p\ where is a composite arrow of origin i and 
extremity j and hi E k for every /. Then 

D{L) keiivi) = keT{vj)K{L). 

Hence, if L G Rij then K{L) = 0. 



Let h E k. Then 
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Let h ^ k. Then 

D{L + hci) ker(t;j) = 'kBi{yj)K{L + hci). 

Hence, if L + hci G Ru then K{L + hci) = 0. 

The last statement follows from the first one and the isomorphism of categories (11. 7p . 
(4) Obvious using Lemma [1.1.31 and the statements (1), (2) and (3). □ 

Now let F : C — s> C be a functor and S = {I, d) a diagram scheme. Define the 
functor -.C^ ^ C'^ such that 

F'iD)it) = F{D{i)), F'{D){^) = F{D{v)) 

for every D G C"^, i G /, G and 

F^{v), = F{v,) : F{D(t)) ^ F(Z}'(z)) 

for every morphism v : D D' in C'^ and i & L 

If F' : C — > C is another functor and r] : F ^ F' is a natural transformation, then 
j^s . jps ^ jp/s (defined by 

iv|,),=r^ni^)■■FiDi{))^F'iDi^)), 
for every D G C"^ and i G /, is a natural transformation. 
Lemma 1.1.8. (a) F ^-^ F^ ,7] ^ t]^ acts as a functor, 
(h) Let G-.C ^ C" he another functor. Then {GFf = G^F'^. 

(c) If C and C are ahelian categories and F is left (resp. right) exact, then F^ is so. 
Proof. Easy verifications. □ 

Now assume that C and C are /c-categories and let S = {S, R) be a diagram scheme 
with commutation relations and F : C ^ C a fc-linear functor. The functor F^ is k- 
linear and induces a /c-linear functor : C'"". The functors F^ and F^ are called 

canonical prolongations of F to diagrams. Sometimes and if there is no risk of confusion 
we denote the functors F^ and F^ by F. 

If F' : C — > C is another fc-linear functor and 77 : F — > F' is a natural transformation, 
then rj'^ induces a natural transformation r]^ : F^ — » F'^. 

Proposition 1.1.9. (a) F ^ F^,V ^ ^cis as a functor. 

(h) Let G:C' ^ C" he another k -linear functor. Then (GF)^ = G^F^. 

(c) If C and C are ahelian categories and F is left (resp. right) exact, then F^ is so. 

Proof. Obvious from the last lemma. □ 

Examples 1.1.10. Let C be an arbitrary category. 
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(1) Assume that C is a fc-category. Let J be a singleton and $ = 0. The commutation 
relations are of the form he = 0. Let hi,...,hn be elements of k. Consider the 
commutation relations hie = 0, / = 1, . . . ,n. Then is the full subcategory of C 
consisting of the objects vanished by hi for all /. 

(2) Now we take / is a set which has exactly two elements i and j, and $ = {(p} is a 
singleton with (f of origin i and extremity j. Then C'^ is the category of morphisms 
u : A ^ B between objects of C. If we add the commutation relation hip = where 
h E kyWe restrict ourselves to A and B. u is vanished by h. lih = 1, then ^ C x C. 

(3) Functor categories. Let I be a small category. Let S = (/, $, d) be the diagram 
scheme such that / and $ are respectively the sets of objects and morphisms of the 
category I. The directions of the arrows is defined by a natural way. Let R be the set 
of {gf, {f,g)) where / and g are morphisms in I such that {f,g) is a composite arrow 
of length 2, and the identity morphisms. Then the category of functors Fun(I, C) is 
the category C'-'^'^-'. 

Assume moreover that I and C circ /u- Celt 6 gories. Homfc(I, C) denotes the full subcat- 
egory of Pun(I, C) consisting of the fc-functors. If we add the commutation relations 
if + g) — f — g = and (hf) — h.f = 0, where / and g are morphisms in I and h & k, 
we obtain that Homfc(I, C) can be viewed as a category C^. 

(4) Complexes with values in C. / = Z (the set of integers), $ = {dn \ n G Z}. For 

every n, dn of origin n and extremity n + 1. The commutation relations are dj^j^idn — 0. 
In order to consider complexes with positive degrees we take I = N (the set of positive 
integers) . 

Faithful functors. Let T : C ^ D be a functor. T is called faithful {full, fully 
faithful) if the maps 

T : Romaic, C) HomD(T(C), T(C")) 

are injective (surjective, bijective), for every C,C' G C. 

T is called conservative if it reflects isomorphisms (for every morphism in / in C, T{f) 
is an isomorphism implies / is also an isomorphism). Obviously a fully faithful functor is 
conservative. 

Proposition 1.1.11. [Freyd] ([69, Theorem II. 7.1]) 
Let T : C ^ D be a faithful functor. Then 

(1) T reflects monomorphisms, epimorphisms , and commutative diagrams. 

(2) If C and D are preadditive categories with zero and T is additive, then T reflects zero 
objects. 

(3) If C and D are abelian categories and T is zero preserving, then reflects exact se- 
quences. 
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Proposition 1.1.12. Let T : C — > D 6e a functor between abelian categories. Consider 
the below statements 

(1) T is faithful. 

(2) T is conservative. 

(3) T{C) for every C eC. 
Then: 

(i) (1) implies (2). 

(a) IfT is additive, then (2) implies (3). 

(Hi) IfT is exact (and then additive by Proposition then (1), (2) and (3) are 

equivalent. 

Proof. First (1) =^ (2) Follows from Proposition ll.l.lT] (1). 

(ii) Assume that T is additive and (2) holds. Let C G C such that T{C) ~ 0. Then 
T(0) = : T{C) — > T{C) is an isomorphism. Thus, : C — > C is also an isomorphism. 
Hence Home (C,C) is a singleton. 

(iii) Assume that T is exact. It is enough to show (3) =^ (1). For this, let / be a 
morphism in C such that T(/) = 0, that is Im(T(/)) = 0. We have T(Im(/)) = Im(T(/)). 
Hence Im(/) = 0, i.e. / = 0. □ 

Remark 1.1.13. We refer to [601 Exercise 8.26] for an example which shows that (2) does 
not imply (1) in general, and to [Uni Exercise 8.27] for an example which shows that (3) 
does not imply (2) (and then does not imply (1)) in general. 

Completely faithful modules. Let i? be a ring and Ur and modules. The 

annihilator in M of U is 

AnuMiU) = {m e M \ u ^ m = in U M for all u G U}. 

We say that Ur is ptM-faithful if Annj\.f(f/) = 0. Observe that Un is /ji?-faithful if and 
only if it is faithful. 

Lemma 1.1.14. Let f : M M' be an epimorphism in Aipt o,i^d g : N ^ N' an 
epimorphism in ^Ai . Then h = f g : M ®h N — > M' A^' is an epimorphism and 
Ker(/i) is the set K of^nii^Ui such that rrii G Ker(/) or ni G ¥^ei{g) for all i. 

Proof. First h is surjective since it is a composition of two surjective maps. It is obvious 
that K C Ker{h). Let Q be the quotient group (M 0^ A^)/A' and p : M 0^ N Q is 
the canonical epimorphism. Then h induces a morphism h* : Q ^ M' N' such that 
h = h*p. 
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Let m' G M' and n' G A^' and suppose that m' = /(mi) = f{m2) and n' = g{ni) = (7(7^2) 
with mi, 7712 £ M and ni,n2 G A^. Then m = 1112 — nii G Ker(/) and n = n2~ni G Ker(5f). 
Therefore, 

m2 ® n2 — mi ®ni = m®ni+ mi (^n + m^nG-fT. 

Hence, p(mi ® rii) = p{m2 ® 712). 

Now, we can define a map j : M' x A^' — ^ Q as follows. For m' G M' and ra' G A^', 
j{m' (8> n') = p(m ® n) where m & M and n & N such that m' = /(m) and n' = It 
is easy to verify that j is i?-balanced. By the definition of the tensor product of modules 
(see |5l §19]), there is a unique abelian group morphism j* : M' N' Q such that 
j*(m ®n)= j{m, n) for every m G M, n ^ N. 

Finally, we have that j*h*p = j*h = p. Then j*h* = 1q and h* is injective. Hence 
Ker(/i) = K. □ 

In the following lemma we collect some basic properties of the annihilator that we need 
to prove Lemma Fl.l.l6[ We refer to [S], Exercises 19.18, 19.20] for more properties. 

Lemma 1.1.15. Let R be a ring and Ur and rM modules. 

(a) AnnAf(f/) is the (unique) smallest submodule K of M such that U is M/ K -faithful. 

(b) Let {Ui)i(zi be a family of right R-modules. Then 

AniiM {®ieiUi) = Hiei AnriMiUi). 

(c) If Ur generates Vr, then AnnAf(f/) < Annj\//(^)- 

(d) U is M -faithful if and only if for every morphism f : N M in rM., 

U^Rf = 0^f = 0. 

Proof, (a) is straightforward using Lemma Fl. 1.141 

(b) is clear using the canonical isomorphism 

i®ieiUi) ®rM ^ ®ieiiUi (g)R M), {ui)i ® m ^ (m^ ® m)^. 

(c) Assume that Ur generates Vr. Then there is an epimorphism U^^^ — ^ ^ in AiR, 
where / is a nonempty set. Hence, AnnM(f^) = AnnM(f^*-^^) < AnnM(^) (by (b)). 

(d) (^) Obvious. (<^=) Let m G AnnM(t^)- To obtain m = 0, it is enough to take 
A^ = Rm and / : Rm — >■ M the canonical injection. □ 

Following [5., Exercise 19.19], a module Wr is said to be completely faithful if it is 
ijM-faithful for every left i?-module M. 

Lemma 1.1.16. Let R be a ring and Wr a module. 

(1) Rr is completely faithful. 
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(2) Every generator in Aifi is completely faithful. 

(3) Wr is completely faithful if and only if the functor W ®r — : rAA Ah is faithful. 

Proof. (1) is obvious. (2) is obvious from Lemma [1.1.151 (c) and (1). (3) is obvious from 
Lemma [IIIIl5](d). □ 

Generators and cogenerators. Let C be a category, and ([/j)jg/ a family of objects 
of C. Following Grothendieck [i^l P- 134], we say that {Ui)i^j is a family of generators of 
C if for all y4 G C and all subobject B ^ A, there exist i E I and a morphism u : Ui A 
that does not factor through B —>■ A. We say that f/ is a generator if the family {U} is a 
family of generators. 

A category C is called locally small if for every object A E C, the class of subobjects 
of y4 is a set. We refer to [BS] for the definitions and the basic properties of puUbacks and 
equalizers and their duals. 

Proposition 1.1.17. [Grothendieck] 

Every category C that has a family of generators and pullbacks is locally small. 

Proof. Let {Ui)i^j be a family of generators of C and A E C. Set E = [J.^^ Homc(f/i, v4). 
Let 1(^4) be the class of subobjects of A and V{E) the set of subsets of E. Consider the 
correspondence : L(A) — > V{E) defined by: for a subobject B of A, (p{B) is the set of 
morphisms f : Ui A that factors through B ^ A foT some i E I. Let B, B' E \-{A) such 
that B ^ B' and a puUback 



/3i 02 

B^^A 

associated to the canonical injections ai and a2. By [69, proposition 1.7.1], (3i and j32 are 
monomorphisms. We have that P ^ B or P ^ B' since B ^ B'. Assume for example that 
P ^ B. Obviously 0(-P) C (piB). This inclusion is strict from the definition of a family 
of generators. Now suppose that 4>{B) = 4>{B') and let u E (f){B). Therefore, there is an 
index i such that u : [Zj — > A is a morphism with u = ai^i = 0:2^2 for some morphisms 
: Ui B and ^2 '■ Ui B' . By the definition of a puUback, there is a morphism 
'-f : Ui —>■ P making commutative the following diagram 
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Then u = ai^i'y. Thus 0(-B) = 0(-P)- We obtain then a contradiction. Hence the 
correspondence is injective. It follows that L(A) is a set and Card(L(A)) < Card(P(i?)). 

□ 

Proposition 1.1.18. [lEl Proposition 1.9.1] 

Let C be an ahelian category that has arbitrary direct sums. Let {U.i)i^i he a family of 
objects of C Set U = ®ieiUi. Then the below statements are equivalent 

(1) {Ui)i(zi is a family of generators ofC; 

(2) U is a generator ofC; 

(3) every A E C is isomorphic to a quotient object ofU^"^^ where J is a set. 
Proposition 1.1.19. [THl Proposition 2.3.4] 

Let C be an abelian category and {Ui)i(zi a family of objects ofC. Then the below statements 
are equivalent 

(1) {Ui)i(zi is a family of generators ofC; 

(2) for every A, C G C and every distinct morphisms f,g E HomdA, C) , there are an 
index iq and a morphism h G Homc(?7io, A) such that fh ^ gh; 

(3) for every A, C G C and every nonzero morphism f G Homc(v4, C), there are an index 
io and a morphism h G Homc(f/io, A) such that fh^O. 

Hence, U E C is a generator if and only if the covariant functor Homc(f/, — ) is faithful. 

From the last result and Prop osit ion 1 1 . 1 . 1"2| we obtain 

Proposition 1.1.20. [HHl Proposition V.6.3] 

A projective object P of an abelian category is a generator if and only if there is a nonzero 
morphism P ^ C for every nonzero object C . 

Dually we define a family of cogenerators of C. 

An abelian category is called a Grothendieck category if it has a generator and satisfying 
the AB 5) condition. The following result is due to Grothendieck and it extends Baer's 
criterion for injective modules. 

Proposition 1.1.21. [IHl Lemme 1, p. 136] 

Let C be a Grothendieck category with a generator U . Then M E C is injective if and only 
for every subobject V of U, and every morphism v : V ^ M, there is a morphism U ^ M 
extending v. 

Notice that Proposition 11.1.211 remains true for an arbitrary family of generators. 
An abelian category is said to have enough injectives if every object is a subobject of 
an injective object. Dually we define a category having enough projectives. 
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Proposition 1.1.22. ^ Theoreme 1.10.1] 

Every Grothendieck category has enough injectives. 

Proposition 1.1.23. [Grothendieck] ([79], Lemma 3.7.12]) 

Every abelian category which has arbitrary direct sums, a generator, and enough injectives 
(e.g. Grothendieck categories), has an infective cogenerator object. 

Adjoint and Probenius pairs of functors. Adjoint functors were introduced and 
studied in [58j. 

Let 5 : C — >■ D and T : D — > C be functors, and 

T] : HomD(^(-), -) ^ Homc(-,T(-)) 

a natural transformation of functors C° x D — Set. Let 

Cc ■= 'nc,s(c)iXs{c)) --C ^TS{C), 

for every C G C. 

The following five results are due to W. Shih [85] (see also [M]). 

Lemma 1.1.24. ( is a natural transformation and the correspondence 

Nat(HomD(5(-), -), Homc(-, T(-))) ^ Nat(lc, TS), C, 

is bijective with inverse map ( ^— > f]'^ , where 

r^lj, : HomD(5(C),D) ^ Homc(C, T(D)), [3 ^ T(/3) o Cc, 

for every C G C, D G D. 

Now let 

V : Homc(-, T{-)) ^ HomD(5(-), -) 
be a natural transformation, and 

■■= ^t(D),d(1t(i?)) : ST{D) D, 
for every D G D. Dually we obtain 

Lemma 1.1.25. ^ is a natural transformation and the correspondence 

Nat(Homc(-, T(-)), HomD(5(-), -)) ^ Nat(5T, Id), v' ^ e, 
is bijective with inverse map ^ ^ rj'^ , where 

4^j, : Homc(C,T(D)) ^ HomD(5(C), D), a^^oo S{a), 
for every C G C, G D. 
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Now let Tj and 77' be natural transformations as above, and C ad ^ the associated natural 
t r ansf ormat ions . 

Proposition 1.1.26. rj'rj is the identity transformation of the functor Yiomj^^S {—),—) if 
and only if the composition of natural transformations 

S^STS^S 
is the identity transformation of the functor S, i.e. 

is{c)S{Cc) = ls{c)forallCeC. (1.8) 

Dually we obtain 

Proposition 1.1.27. rjrj' is the identity transformation of the functor B.omc{—,T{—)) if 
and only if the composition of natural transformations 

T TST T 

is the identity transformation of the functor T , i.e. 

Ti^DKnD) = 1t(d) for all D e D. (1.9) 

Corollary 1.1.28. Let S . C —> T) and T : T) ^ C be functors. To give a natural 
equivalence 

T] : HomD(5(-), -) ^ Homc(-,T(-)) (1.10) 

is the same as to give two natural transformations ( : Ic ^ ST and ^ : ST Id such 
that the composition of natural transformations 

S — ^ STS S 

is the identity transformation of the functor S, and the composition of natural transforma- 
tions 

T TST T 
is the identity transformation of the functor T, i.e. 

^siC)S{Cc) = lsiC), T(eD)CT(D) = 1t(d) forallCeC,DeB. (1.11) 

Let S . C —> T) and T : D ^ C be functors. We say that T is a right adjoint to S 
(and symmetrically, 5* is a left adjoint to T), or (5*, T) is a pair of adjoint functors, if one 
of the equivalent conditions of the last corollary holds. Sometimes and following [HH] we 
write rj : S -\T. 

The natural equivalence f ll.lOp is called the adjunction isomorphism. The natural trans- 
formations ( : Ic ^ ST and ^ : ST Id are called the unit and the counit of the 
adjunction while and the equahties (11. Ill) are called the adjunction equalities. 
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Proposition 1.1.29. [SHI Theorem 3.2] 

Let S, S' : C ^ D and T, T' : D ^ C be functors and let rj : S -\ T and t]' : S' -\ T' . 
Assume that a : S' —>■ S is a natural transformation. Then there is a unique natural 
transformation t : T ^ T' such that the following diagram is commutative 

HomD(5(C), D) Homc(C, T{D)) 

HomD(crc-D) Home (C,T£)) 

HomD(5'(C), Homc(C, T'{D)) 

for every C G C, G D. 

Corollary 1.1.30. (1) Let S : C ^ T> and T : T> C be functors and let t] : S ^ T . 

Then the natural transformation defined as in Prop. \1.1.29[ associated to the natural 
transformation Is '■ S S is It '■ T —>■ T. 

(2) Let S, S', S" ■.C^'D and T, T', T" : D ^ C 6e functors and let t] : S ^ T , r]' : S' ^ T' 
and rj" : S" H T" . Assume that a : S' ^ S and a' : S" S' are natural transfor- 
mations. Let T : T ^ T' and t' : T' T" be the natural transformations defined as 
in Prop. \ 1.1. 291 associated to a and a' respectively. Then the natural transformations 
defined as in Prop. \ 1.1. 291 associated to oo' is t't. 

(3) Let S, S' : C ^ B and T,T' : B ^ C be functors and let 7] : S ^ T and r]' : S' ^ T' . 
Assume that a : S' ^ S is a natural equivalence. Then the natural transformations 
defined as in Prop. \ 1.1. 291 associated to a is so. 

Now, we give the duality theorem for adjoint functors. Let : C D and T : D ^ C 
be functors and S° : C° ^ D° and T° : D° ^ C° be their duals {S°{C°) = S{Cy and 
S°{f°) = S{f)° for every object C G C and every morphism / in C). 

Proposition 1.1.31. [5H1 Theorem 3.4] 

Assume that rj : S -\T. Define for every C G C and D G D a map 

7]% c° ■ Homco(T°(D°),C°) ^ HomDop°,5°(C°)) 

by 

# -1 
Vd°,c° ~ VcD- 

Then ?7* is a natural equivalence, and hence f]"^ : T° -\ S° . Furthermore, ?7** = f]. 

Notice that by this duality theorem we obtain the dual result of Proposition II. 1.291 
The following result whose proof is obvious will be useful. 

Proposition 1.1.32. Let C,C', C" be categories and let 

s s' 

c a c" 

T T' 

be functors. If {S, T) and (S", T') are pairs of adjoint functors, then {S'S, TT') is a pair 
of adjoint functors. 
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Proposition 1.1.33. Let S : C ^ T) be a functor between k-categories and T : D — C 
a right adjoint of T . If S (resp. T) is k-linear, then T (resp. S) is k-linear and the 
adjunction bijections 

7]c,D : HomD(5(C),D) ~ Homc(C, T(D)) 

are isomorphisms of k -modules (C & C,D ^D). Conversely, if the bijections rjcn o,re 
isomorphisms of k-modules, then S and T are k-linear. 

Proof. Suppose that S is fc-linear. By [69l Proposition V.1.4], T is additive and the bi- 
jections ric\D are isomorphisms of abehan groups. Moreover, for every morphism a : C — > 
T{D) in C'and h e k, 

Vc\Diha) = ^DoS{ha) 
= ^Do{hS{a)) 

= h^o o S{a) (since D is a fc-category) 



a] 



Hence rjc^n are isomorphisms of /c-modules. On the other hand, for every morphism (3 : 
D — > in D and /i G fc, 

= {h(3) o (since ^ is a natural transformation) 

and 

= ^D'oihsrm 

= h^D'oSTiP) 

= h(3 o (since ^ is a natural transformation). 

Then T{h(5) = hT{j3). Hence T is fc-linear. 

Finally, using Proposition 11.1.311 we prove the second statement. The converse is 
proved by a similar way. □ 

Proposition 1.1.34. Let C and D be two abelian categories, and let S : C ^ T) be a 

functor. Let T : D ^ C be a right adjoint of S. 

(1) If N is injective and S is exact, then T{N) & C is injective ( |79[ Lemma 3.2.7]). 

(2) If moreover T) is a category with sufficiently many injectives (e.g. z/D is a Grothendieck 
category), then S is exact if and only if T preserves injective objects {[79^ Theorem 
3.2.8]). 
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Let S : C — s> D be a functor. If T : D C is both a right and a left adjoint functor 
to S, we say that {S,T) is a Frobenius pair of functors. In this case, S and T are called 
Frobenius functors. 

Adjoint functors in several variables. To give a covariant functor S" : X x Y ^ Z 
is the same as to give 

(a) a covariant functor S{—, F) : X — > Z for every Y eY, and 

(b) a natural transformation S{—,y) : S{—,Y) S{—,Y') for every morphism y : 
r ^ y in Y such that 

(i) S{—,y'y) = S{—,Y)S{~,Y) for every morphisms y : Y ^ Y' and y' : Y' Y" in 
Y, and 

(ii) 5'(-, ly) = ls(-,Y) for every F G Y. 

Now assume that for every F e Y there are a functor Ty : Z — >■ X and a natural 
equivalence 

r/y : Homz(^(X,F),Z) ^ Homx(X, Ty(Z)), 

i.e. TjY '. S{—,Y) H Ty. From Proposition for every morphism y : Y Y' m Y 

there is a unique natural transformation Ty : Ty —>■ Ty making commutative the diagram 

Homz(5(X, r), Z) Homx(X, Ty (Z)) 



Homz(S(X,y),Z) 



Homx(X,(Ty)z) 



Homz(5(X, r), Z) ^ Homx(X, Ty(Z)). 

Let y' : Y' Y" be a morphism y' : Y' —>■ Y" in Y. By Corollary 1 1.1. 301 (1).(2). we obtain 
Tyiy = TyTyl dJid = 1 . We have then a functor T : Y x Z ^ X contravariant in Y 
and covariant in Z defined by 

T(y, Z) = Ty (Z), T(F, -) = Ty, T(y, -) = T, 

for every F G Y, Z G Z and y : F ^ in Y. Hence 

r/ : Homz(5(X, Y), Z) ^ Homx(X, T(Y, Z)) 

defined by rj(^x,Y,z) = (^y)(x,z) for every X G X, F G Y, Z G Z, is a natural equivalence. 
Thus we get: 

Proposition 1.1.35. Let SiXxY^Z be a covariant functor. Assume that for every 
y G Y there are a functor Ty : Z ^ X and a natural equivalence 

Vy : Homz(5(X,F),Z) ^ Homx(X, Ty(Z)), 

i.e. TjY '. S'(— ,y) H Ty. T/ien i/iere zs a unique functor T : Y x Z — X contravariant in 
Y and covariant in Z and a unique natural equivalence 

T] : Homz(5(X, Y), Z) ^ Homx(X, T(Y, Z)) 

such that for every XgX, FgY, ZgZ 

T(F, Z) = Ty (Z), T(F, -) = Ty, rj(^x,Y,z) = 
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Let S':XxY— s>Zbea covariant functor and T : Y x Z — X a functor contravariant 
in Y and covariant in Z. If there is a natural equivalence 

V : Homz(S(X, Y),Z) ^ Homx(X, T(Y, Z)), 

we say that S" is a left adjoint of T, and symmetrically, T is a right adjoint of S. Sometimes 
we will use the notation rj : S -\ T. 

Now using Proposition 11.1.291 and Lemma 11.1.41 we get 

Proposition 1.1.36. Let S", S" : X x Y ^ Z be covariant functors and T, T' : Y x Z ^ X 

functors contravariant in Y and covariant in Z such that rj : S -\ T and rj' : S' -\ T' . Let 
a : S' —>■ S be a natural transformation. Then there is a unique natural transformation 
T : T T' such that the following diagram is commutative 

Homz(5(X, Y), Z) Homx(X, T(Y, Z)) 



Homz(o-(x,Y),Z) 



Homx(X,T(Y,z)) 



Homz(5'(X, Y), Z) Homx(X, T'(Y, Z)). 

Note that Corollary 1 1 . 1 . 301 is also true for adjoint functors in two variables. 
Let SiXxY— >Zbea covariant functor. Consider the functor S** : Y x X° —>■ Z° 
contravariant in Y and covariant in X° defined by 

S*{Y, X°) = S{X, YY, S*{y, x°) = S{x, y)\ 

for every objects y G Y, X G X and morphisms ?/ in Y and x in X. 

Let T:YxZ^Xbea functor contravariant in Y and covariant in Z. Consider the 
covariant functor T* : Z° x Y ^ X° defined by T** = T. 

We have 

Homxo(r#(Z°,y),X°) = Homx(X,T(r,Z)), 

Homzo(Z°,5#(F,X°)) = Homz(5(X, F), Z) 

for every X G X, F G Y, Z G Z. 

It is easy to prove the following duality theorem: 

Proposition 1.1.37. Let SiXxY-^Z^ea covariant functor and T : Y x Z ^ X 
a functor contravariant in Y and covariant in Z such that f] : S -\ T. Define for every 
X G X, F G Y, Z G Z the map 

vtzo,Y,xo) = \x,Y,z) ■ Homxo(T#(Z°,F),X°) ^ Homzo(Z°, X°)). 

Then rj"^ is a natural equivalence, i.e. rj"^ : T* H S**. Moreover, rj'^'^ = rj. 
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Note that Propositions 11.1.311 and 11.1.371 give the dual of Proposition 11.1.351 Also 
Proposition 11.1.371 gives the dual of Proposition ll.l.36[ 

Finally we consider functors in more than two variables. Let : X x Yi x • • ■ x Y„ —>■ Z 
be a covariant functor and T : Yi x ■ ■ ■ x Y„ x Z — > X a functor contravariant in Yi, . . . , Y„ 
and covariant in Z. Let ^ = Hi Y« t)e the cartesian product category. S can be viewed as 
a covariant functor Y x Z ^ X and T can be viewed as a functor Y x Z — > X contravariant 
in Y and covariant in Z. We return then to the case of functors in two variables. 

Equivalences of categories. A functor S* : C — D is called an equivalence, if there 
exists a functor T : D ^ C with natural equivalences rj : 1 ^ TS and e : ST —>■ 1. A 
functor S : C ^ D is called essentially surjective if for every D G D, there is C G C such 
that S{C) - D. 

The following result is very well known. 

Theorem 1.1.38. A functor S : C ^ D is an equivalence if and only if it is faithful, full 
and essentially surjective. 

A functor between /c-categories is said to be a k- equivalence if it is /c-linear and an 
equivalence. 

Split exact and Z-pure sequences. A monomorphism f : A ^ B in a category C is 
called a section (or a coretraction) if there is a morphism g : B ^ A such that gf = 1^. A 
section is an epimorphism if and only if it is an isomorphism. Dually we define a retraction. 

Proposition 1.1.39. [601 Proposition 8.3.14] 

Let ^ B — ^ A — ^0 be a short exact sequence in an ahelian category C. 

Then the following are equivalent 

A such that gh = Ic (i-G. g is a retraction) ; 

B such that kf = 1b (i-e. f is a section); 

A and k : A ^ B such that 1a = fk + kg; 

— A and k : A ^ B such that gh = Ic, kf = 1b, kh = 0, and 



{k^g) : A B ® C and ip = f(Bh: B^BC-^A are isomorphisms 
inverse to each other. 

In such a case we say that the sequence is split exact. 

Proposition 1.1.40. Let ^ Ai '^^ > A — A2 ^0 be a short sequence in an 

abelian category C . Then the following are equivalent 

(1) the sequence is split exact; 



(1) 


there 


is h : C - 


(2) 


there 


is k : A - 


(3) 


there 


is h : C - 


(4) 


there 


is h : C 




Ia = 


fk + kg] 


(5) 


there 


are (p = 
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(2) there is a sequence ^ A2 > A — ^ Ai ^ (necessarily split exact) such that 

for every ij e {1,2}, 

9ifj = ^ijlA, and figi + f2g2 = 1a; 

(3) there is an isomorphism h : Ai Q) A2 ^ A such that the following diagram is commu- 
tative 

Ai®A2 







where : Ai ^ Ai Q) A2 and pi : Ai Q) A2 ^ A^, i E {1, 2], are such that pji 




and Lipi + L2P2 = UieAa- 
Proof. The proof of [5, Proposition 5.3] works here. 



□ 



Corollary 1.1.41. Every additive functor between abelian categories preserves split exact- 
ness. 

More generally, and following [181 40.5], we say that a sequence B — ^A — of 
morphisms in an abelian category is split exact if it is exact (i.e. Ker(5f) = lm(/)) and the 
canonical monomorphism Ini(5f) — > C is a section. 

Let n G {2, . . .} C N. We say that an exact sequence 



A^^A2^As^^ 



^ An ^ 



in an abelian category is split exact if the canonical monomorphism Im(/j) — > is a 
section for every i G {2, . . . , n}. 

Let G {2, . . .} C N and Z G a-M.. Following [181 40.13] we say that an exact sequence 



Ml — ^ M2 M3 — 



fn- 



M, 



n+l 



;li2) 



in Ma, is Z-pure if it still exact under the functor — Cg>^ Z. If this is the case for every 
Z G A-M, we say simply that the sequence (11.121) is pure. Of course if Z is fiat, then every 
exact sequence in J^a is 2'-pure. 

Let / : M — > be a monomorphism in Ma- f is called Z-pure and M is called a 



Z-pure submodule of N if the exact sequence ■ 
is a monomorphism. 



■M- 



N is Z-pure, that is if / ® a Z 



Lemma 1.1.42. The exact sequence (11.121) is Z-pure if and only if the canonical monomor- 
phism Im(/j) — > Mj+i is Z-pure for every i G {2, . . . , n}. 

In particular if the sequence (I1.12p is split exact then it is pure. 
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Proof. We begin by factorizing the map fi through its image for alH e {2, . . . , n} as follows 



Ml M2 — 



fn 



M 



n+l 



P2 



Pn 



Im(/2) 



Im(/„) 



. . . 0. 

Since 12 is a monomorphism, Im(/i) = Kcr(/2) = Ker(p2)- Then the sequence 

is exact. Since — (g)^ Z is right exact, 



Mi-^M2 — Im(/2) 



Ml ®A Z ^^^'^> M2 ®A ^Iin(/2) ®A ^ ^ is also exact. The same thing holds for 

every % e {3, . . . , n}. Then the proof follows easily. □ 

Corolleiry 1.1.43. Let Z e aM. and f : M ^ N be a morphism in M.a- Then the 
following are equivalent 

(1) the sequence 







^ Ker(/) ®A Z ^ M0aZ N ®aZ 

is exact; 

(2) the canonical monomorphisms Ker(/) M and Im(/) — N are Z-pure. 

In such a case we say that / is Z-pure. If this the case for every Z e a-M., we say 
simply that / is pure. 

The Yoneda— Grothendieck Lemma and representable functors. Let C be a 

category and X e C We have then a covariant functor hx — Homc(— : C° — > Set. 
Let X',Y E C and let u : X ^ X' he & morphism. Then 

hu = Homc(-,M) : hx hx' 

is a natural transformation. Hence we have a "functor" 

/i: C^Fun(C°,Set). 

Let F : C° — > Set be a covariant functor. Define 



a : Ns.t{hx,F) ^ F{X), r, ^ r,x{lx) e F{X) 



and 



/3:F(X)-.Nat(/ix,F), i^V 
where 7] is the natural transformation defined by 

77y : Homc(y,X) ^ v ^ F{vm 

for every y e C. 
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Proposition 1.1.44. [Yoneda-Grothendieck] 

The maps a and (3 are bijections inverse to each other. (This includes that Nat{hx, F) is 
a set.) 

If we take F = hx' for X' G C, the map 

13 ■ Homc(X,X') ^ Nat(/ix, hx') 
is exactly the map u ^ hu- Thus: 

Corollary 1.1.45. The canonical "functor" h : C Fun{C°, Set) is fully faithful. 

We say that a contravariant functor F : C ^ Set is representable if there is X G C 
such that F c:^ hx- Since h is conservative then X is determined up to an isomorphism. 
Then F is representable if and only if there exist X G C, ^ G F{X) such that 

Homc(F,X) ^ F{Y), v ^ F{v){0 

is an isomorphism, for every F G C. We say that the couple (X, ^) represents F. Usually 
we omit ^ and we say only that X represents F. It follows from Corollary 11.1.451 that 
every category C is equivalent to the category of all representable contravariant functors 
C ^ Set. 

For the details we refer to [17] or [IB]. 

Using the axiom of choice and the Yoneda-Grothendieck Lemma, we can easily prove 
the following useful result: 

Proposition 1.1.46. Let S . C —> D be a functor. Then the following are equivalent 

(1) the functor S has a right adjoint; 

(2) for every object G D, the contravariant functor C i— > HomD(5'(C), is repre- 
sentable. 

We also define for X G C a covariant functor h'-^ = IIomc(X, — ) : C — Set. Dually, 
we define representable covariant functors. 

Using also the Yoneda-Grothendieck Lemma we prove the result below: 

Proposition 1.1.47. [HI Theorem IV.3.1] 

Let S : C ^ D be a functor. Suppose that there is an adjunction {S, T) with unit C and 
counit C,- 

(i) T is faithful if and only if is an epimorphism for every G D. 
(a) T is full if and only if C,d is a section for every D G D. 
Hence, T is faithful and full if and only if is an isomorphism for every D eD. 
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Limits (Projective limits). Let C be a category, S = {I,^,d) a diagram scheme, 
and D a diagram in C of scheme S. A family of morphisms {ui : X ^ D{i) \ i & I}, 
is called compatible for D if D{ip)ui = uj for every arrow ip : i j of S. Assume that 
{ui) is compatible and let Vi : Y ^ D{i) be another compatible family. A morphism from 
(f j) to {ui) is a morphism v : Y —y X in C such that Vi = UiV for every i E I. Then we 
obtain the category of all compatible families for D. A final object for this category is 
called a limit for D. Hence a limit is determined up to an isomorphism. We denote it by 
{\\mD D{i) \ ie I}. 

Obviously pullbacks, products and equalizers are special cases of limits. We say that 
C is S-complete if every diagram in C*^ has a limit. We say that C is complete (resp. 
finitely complete) if it is C is S'-complete for every (resp. finite) diagram scheme S. Every 
finitely complete category has pullbacks, equahzers and finite products, and every complete 
category has products. 

Dually we define colimits (inductive limits). 

Assume that C is S-complete. Let v : D —>■ D' he a. morphism in C"^. By the definition 
of limit there exists a unique morphism limi; : limD limD' making the following diagram 
commutative 

limv 

limD ' > limD 



for every i E I. Then we obtain a functor 

lim : ^ C. 

Now let AeC. Define e C"^ by D^{i) = A and -D^(v?) = Ia for every i E I and G $. 
A morphism ^ D in can be identified with a compatible family {A ^ D{i) \ i E 1} 
for D. Let u : A B he a. morphism in C. Consider the morphism t;" : in 
C"^ defined by = u for every i E I. We obtain then a functor J : C — C'^. Let X G C 
and ^ G Homes {D^ , D). Then (X,^) is a limit for D if and only if {X,C,) represents the 
contravariant functor hoi = Homcs(— ,D)/ : C —>■ Set. Hence, by Proposition IL 1.461 C 
is S'-complete if and only if the functor / has a right adjoint. In such a case, / is a left 
adjoint to lim . 

Let F : C C be a functor and S a diagram scheme. We know that F induces 
a functor : C'^ C'^ . We say that F preserves limits if {F{ui))i is the limits for 
F{D) whenever (wj) is the limits for D. Of course, if F preserves limits then it preserves 
pullbacks, equalizers and products. Dually, we say that a functor F : C ^ C preserves 
colimits if its dual F° : C° —>■ C'° preserves limits. 

Let G : C — * C be another functor and rj : F —>■ G a. natural transformation. If 
{vi : Y ^ F{D{i)) | i G /} is a compatible family for the diagram F{D) G C'^ , then the 
{flD{i)Vi)i is a compatible family for G{D). Assume that 77 is a natural equivalence and let 
Ui : X ^ D{i), i G /, be a family of morphism in C. Then {F{ui))i is a limit for F{D) if 
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and only if {G{ui))i is a limit for G{D). Hence F preserves limits if and only if G preserves 
limits. 

It is also easy to verify the following two facts. A morphism u in C is a monomorphism 
if and only if h'y^{u) is an injective map for every A E C. Let {ui : X —>■ D{i) | i G /} be a 
family of morphism in C. Then {ui)i is a limit for D if and only if {h'j^{ui))i is a limit for 
h'^{D) for every A G C. Using the fact that h'^o = /i^ : C° — >• Set, we obtain the dual of 
these considerations. 

Obviously, an object X G C is a final object if and only if h'y^{X) is a final object of 
the category Set for every A G C (Since the final objects of Set are the sets with one 
element). Let C and C be ^-categories and F : C — C a functor. We have F is fc-linear 
if and only if h'^F is fc-linear for every X G C (of course the functors h'x are /c-linear). 
Moreover, F is fc-linear if and only if its dual F° is /c-linear. 

A functor F is called a monofunctor if it preserves monomorphisms. Dually, a functor F 
is an epifunctor if its dual F° is a monofunctor, or equivalently, if it preserves epimorphisms. 

From the dual of Proposition IL1.461 a functor G : C C has a left adjoint if and 
only if h'j^G is representable for every A E C. 

Let SiXxY^Zbea covariant functor and T : Y x Z ^ X a functor contravariant 
in Y and covariant in Z such that rj : S -\ T. Consider the covariant functors Sx = 
S{X, — ) : Y — s> Z and Tz = T(— , Z) : Y° X. We have then a natural equivalence 

h'^.iSxy^h'xTz-.Y'^^Set 

for every X G X, Z G Z. 

Then from the above considerations we prove the following result: 

Proposition 1.1.48. (1) Let F : C ^ C be a functor and G : C ^ C a right adjoint 
functor to F. Then 

(i) G is a monofunctor and preserves limits. G preserves also final objects, 
(a) Dually, F is an epifunctor and preserves colimits. F preserves also initial objects. 

(2) Let SiXxY^Z be a covariant functor and T : Y x Z — > X a functor contravariant 
in Y and covariant in Z such that f] : S -\ T. Consider the covariant functors Sx = 
S{X, -) -.Y andTz = T(-, Z) : Y° ^ X. Then 

(a) Sx preserves colimits for every X E ^ if and only if Tz preserves limits (as a 
covariant functor) for every Z G Z. 

(b) Assume moreover that the categories X, Y and Z are k-categories. Then Sx is 
k- linear for every X E^ if and only ifTz is k-linear (as a covariant functor) for 
every Z E Z. 

Corollary 1.1.49. Let C be a category and S a diagram scheme. If C is S -complete, then 
the functor lim : C'^ — > C a monofunctor and preserves limits. 
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Proposition 1.1.50. [Freyd] (see ^Hl Theorem II. 7.1]) 
Let F : C ^ C be a faithful functor. Then 

(1) If C is an abelian category and C is additive, then F reflects limits and colimits of 
finite diagrams. 

(2) If moreover F is full, then F reflects limits and colimits. 
For many more interesting properties of limits, see [69] . 

Separable functors. Separable functors were introduced and studied in [75]. Further 
study of these functors is given in pOl|. 

Let T : C ^ D be a functor between arbitrary categories. T is called a separable 
functor if for every C, C G C, there exists a map 

$ = <l>c,c' : Homo (T(C),T(C")) ^ Home (C,C") 

such that 

(SFl) For every morphism / : C ^ C" in C, $(T(/)) = /. 

(SF2) For every morphisms f : Ci C[ and (7 : C2 — > in C, and every commutative 
diagram in D 



no 

T{C[) 



■no 

T(g) 

■no 



the following diagram 




is also commutative. 

Obviously, from (SFl), every separable functor is faithful. Let T : C — D be a 
separable functor and T° : C° — » D° its dual. Then, for every objects C,C' G C, 
HomDo(r°(C°), T°(C"°)) = HomD(r(C"),r(C)) and Homco(C°, C"°) = Homc(C",C). 
Define for every objects C, C" G C a map 

$* _t7.o : HomDo(T°(C°),r°(C'°)) ^ Homco(C°, C"°) 

by 

We have, for every morphism h : T{C') T{C) in C, 

The functor T° : C° — D° is clearly separable. We use this fact to prove the dual results 
of separable functors. 
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Examples 1.1.51. [THl Lemma 1.1] 

(1) An equivalence of categories is separable. 

(2) Let F : C ^ D and G : D ^ E be functors. Then 

(i) If F and G are separable then GF is separable. 

(ii) If GF is separable then F is separable. 

Proposition 1.1.52. [751 Proposition 1.2] 
Let F : C ^ D he a functor and C G C. Then 

(1) F reflects sections and retractions. 

Now, assume that C and D are abelian categories. Then 

(2) If F is a monofunctor, then F reflects quasi-simple objects (=every subject splits off). 

(3) If F is a monofunctor, then F reflects injective objects. Dually, if F is an epifunctor, 
then F reflects projective objects. 

Proposition 1.1.53. [Rafael] ([HQl Theorem 1.2]) 

Let S* : C — > D be a functor and T : D — C a right adjoint to S . Let C • Ic TS and 
^ : ST Id be the unit and the counit of the adjunction, respectively. 

(1) S is separable if and only if C, splits (i.e. there is a natural transformation (' : TS Ic 
such that Cc ° Cc = Ic for all C ^ C ). 

(2) Dually, T is separable if and only if C, cosplits (i.e. there is a natural transformation 
f : Id ^ ST such that o ^'^ = 1^ for all D eT> ). 

Locally finitely generated and locally noetherian categories. Let C be a 

Grothendieck category. An object C of C is said to be finitely generated (HEl P- 121] 
if the (upper continuous) lattice of all subobjects L(C) is compact, that is, if C = Ylii Ci 
for a direct family of subobjects Ci of C, then C = Cif^ for some index i^. Notice that 
a subobject -B of C is finitely generated as object if and only if B is compact in the lat- 
tice L(C) (Since there is a canonical order isomorphism (and then a lattice isomorphism) 
[0,5] -L(5)). 

An object C G C is called finitely presented if it is finitely generated and every epi- 
morphism B C where B is finitely generated has a finitely generated kernel. An object 
C G C is called noetherian if the lattice (of all subobjects) L(C) is noetherian, that is, 
every infinite ascending chain in it is stationary. 

Lemma 1.1.54. [861 Lemma V.3.1] 

Let ^ C' ^ C C" —>■ be a short exact sequence in C. Then 
(a) If G is finitely generated, then so is G" . 
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(b) If C and C" are finitely generated, then so is C. 

Proposition 1.1.55. [HSl Proposition V.3.2] 
The following are equivalent 

(1) C is finitely generated; 

(2) for every directed family of subobjects {Di)i^i of a certain object D of C, and every 
monomorphism a : C ^ XI/ there exists some iq E I and a morphism 
j3 : C Di^ making commutative the following diagram 




(3) the canonical monomorphism of abelian groups 

limHomc(C, A) ^ Homc(C, ^ A) 
I 

is an isomorphism. In such a case, we say that the functor Homc(C, — ) preserves 
direct unions. 

Proof. (2) =^ (1) Obvious. (1) =^ (2) From Lemma [1.1. 54^ Im(a) is finitely generated. 
We have {Di)i^i is a directed family of subobjects of Yl ^i- Hence Im(Q;) C Dig for some 
io G /. Finally, (3) is a reformulation of (2). □ 

Lemma 1.1.56. Let S : C T) be a functor between Grothendieck categories, and T : 
D — > C a right adjoint functor to S , that is exact and preserves coproducts. Then S 
preserves finitely generated objects. 

In particular, a Frobenius functor between Grothendieck categories preserves finitely 
generated objects. 

Proof. Let C be a finitely generated object in C, {Di)i<zi be a directed family of subobjects 
of a certain object D e C, and 

7] : Homc(-, r(-)) ^ HomD(5(-), -) 

be the natural equivalence. 

Since rjc- is natural in ^ ^ D^, we have the commutative diagram 

Homc(C,T(A)) ""-^ -HomD(5(C),A) (1.13) 

Homc(C, T(E A)) ^ HomD(^(C), E A)- 
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Since T is exact, (T{Di))i^i is a directed family of subobjects of T{D). Let ti : Di D he 
the canonical injection for every i & I. Since T is exact and preserves coproducts, we have 

J2 T{D,) = lm{T{(BiL,)) = T ( Im(©,6,)) = ^ ( 5Z ^0 ' 

(To obtain the last statement we can also use that T preserves inductive limits.) Now, 
from the commutativity of the diagram fll.131) and Proposition 11.1.551 S{C) is finitely 
generated. □ 

Proposition 1.1.57. [861 Proposition V.3.4] 

Let C be a locally finitely generated category. An object C G C zs finitely presented if and 
only if the functor Homc(C, — ) preserves direct limits. 

Part of the following result is [SB's Proposition V.4.1]. 

Proposition 1.1.58. Let C E C. The following are equivalent 

(1) C is noetherian; 

(2) every subobject of C is finitely generated; 

(3) every nonempty set of subobjects of C has a maximal element. 

Since the above result is stated in [86j without proof, we propose a proof of it. 

Proof. (1) => (3) Let L be a nonempty set of subobjects of C. Suppose that L does not 
have a maximal element, that is, for every A G L, the set {A' G L | A < A'} is not empty. 
Hence, by the axiom of choice, there is an infinite strictly ascending chain of subobjects of 
C. 

(3) =^ (2) Let i? be a subobject of C, and -B = X] where (-Bi)i is a directed family 
of subobjects of B. This family has a maximal element, say Bi^. Hence B = Bi^. 
(2) =^ (1) Suppose that every subobject of C is finitely generated. Let 

Ci C C2 C . . . C C„ c . . . 

be an ascending chain of subobjects of C. Set B = J2n-{o} Since B is finitely generated, 
there is n such that B = Cn- Hence B = Cn+i for every z G N. □ 

Remark 1.1.59. The equivalence (1) <S=4> (3) of Proposition 1 1 . 1 . 5H] is true in a more general 
context. Indeed, a lattice L is noetherian if and only if every nonempty subset of L has a 
maximal element (see [86l Proposition HI. 3. 4]). 

Proposition 1.1.60. [HHl Proposition V.4.2] 

Let ^ C" — > C — i> C" — >■ be a short exact sequence in C. Then C is noetherian if and 
only if both C and C" are noetherian. 
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Proposition 1.1.61. (1) Let C = Ci © . . . © C„ G C. Then C is finitely generated if and 
only each Ci (i = 1, . . . ,n) is finitely generated. 

(2) If C is the sum of many finitely generated subobjects, then C is finitely generated. 

(3) Every finitely generated projective object is finitely presented. 

(4) Let C = Ci © . . . © C„ G C. Then C is noetherian if and only each Ci (i = 1, . . . ,n) 
is finitely noetherian. 

(5) If C is the sum of many noetherian subobjects, then C is noetherian. 

(6) The following statements are equivalent 

(a) every finitely generated object is noetherian; 

(b) every finitely generated object is finitely presented. 

In particular, a ring R is right noetherian if and only if every finitely generated right 
R-module is finitely presented. 

Proof. (1) It is enough to prove it for n = 2. In such a case, there are morphisms Li : Ci —>■ C 
and TTj : C — *• Cj (i = 1, 2) such that Hitj = 6ij and LiHi + L27i2 = 1- Hence we have two 
short exact sequences 



and 



-Ci^^C^^Ca -0 



^C2^^C^^Ci -0. 



By Lemma [1.1.541 (1) follows. 

(2) follows directly from (1) and Lemma [1.1.54( 1). Notice that we can prove it directly 
using |86l Lemma III. 5. 2]. 

(3) Let C be a finitely generated projective object, and a : -B — > C be an epimorphism, 
where B is finitely generated. Then we obtain the short exact sequence 

^ Ker(a) ^ B C ^ 0. 

Since C is projective, this sequence splits and B ~ Ker(a;) © C . Hence, by (1), Ker(Q;) is 
finitely generated. 

The proofs of (4) and (5) are analogous to that of (1) and (2), respectively, using 
Proposition 11.1.601 

(6) Follows directly from Propositions ll.l."nn| I1.1.5SI and Lemma [l.l.54( i). □ 

The category C is locally finitely generated if the lattice L(C) is compactly generated 
for all C G C, i.e. every object of C is a sum of a (directed) family of finitely generated 
subobjects (see [86., p. 73]). 

Proposition 1.1.62. Let C be a Grothendieck category. The following are equivalent 
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(1) C is locally finitely generated; 

(2) C has a family of finitely generated generators. 

Proof. (1) =^ (2) Let U he a. generator of C. Then there is a family of finitely generated 
subobjects of C, {Ui)i^i, such that there is an epimorphism 0jgj Ui U. Hence {Ui)i^i 
is a family of finitely generated generators of C. 

(2) =^ (1) Let {Ui)i(zi be a family of finitely generated generators of C. Set U = 
©jg/f^i- Let C E C. Then there are a set J and an epimorphism U^'^^ C. Consider 
the family (?7(i,j))(i,j)e/x j such that f/(ij) = Ui for every E I x J. We have U^'^^ ~ 
®{ij)eixj^{i,j)- follows that there is an epimorphism / : ©(j j)g/xj ~^ ^- Let 
f{i,j) ■ ^ihj) ihj) E I X J, he the morphisms defining /. Let /(^j) = im(/(ij)) o p^^j-^ 

he the canonical factorization, for every {i,j) E I x J. Then we obtain the commutative 
diagram 

c 

0(i,i)lm(/(ij)) 

Since / is an epimorphism, then the morphism Im(/(jj)) ^ C is also an epimor- 

phism. Finally, by Lemma [LI. 541 (a), each Im(/(j ,,)) is finitely generated. □ 

The category C is locally noetherian [HSl P- 123] if it has a family of noetherian 
generators. 

Proposition 1.1.63. Let C be a Grothendieck category. The following are equivalent 

(1) C is locally noetherian; 

(2) every object of C is a sum of a (directed) family of noetherian subobjects; 

(3) C is locally finitely generated and every finitely generated object of C is noetherian; 

(4) C is locally finitely generated and every finitely generated object of C is finitely pre- 
sented. 

Proof. First observe that if an object of C is a sum of a family of noetherian subobjects, 
then it is a sum of a directed family of noetherian subobjects (by Proposition ll.l.bTI (5)). 

(1) ■^=^ (2) Analogous to that of Proposition 11.1.62] using Proposition 11.1.601 

(2) =^ (3) Obvious from Proposition II . 1 .581 

(3) =^ (1) Obvious from Proposition 1 1 . L6"2l 

(3) <^=^ (4) Obvious from Proposition II . L6"T] (6) . □ 
Small objects. Let C he an additive category and X an object in C. 
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Lemma 1.1.64. [221 Lemma n.16.1] 

Let / : X — > ^-^jXi be a morphism in C and F is a nonempty finite subset of I. The 
following are equivalent 

(a) there exists a factorization of f 

X ^ — -e.p/^., (1.14) 

where Up is the unique morphism satisfying upu'j = Uj for every j G F, with Ui, i E I , 
are the canonical injections of the direct sum ^^^^Xi and u'j, j G J, are these of 

(b) f = J2jej'^jPjf > where uj, j G J, are the canonical injections and pj, j G J, are the 
associated projections. 

Proposition 1.1.65. [691 Proposition IL16.2] 

The following are equivalent 

(1) Every morphism f : X ^ ®iei -^i ^ ^^'^ factorization f lL14p for some nonempty 
finite subset F of I ; 

(2) the functor h'-^ = Homc(X, — ) : C ^ Ab preserves direct sums. 

X is called a small object if the conditions of the above proposition hold. 

Proposition 1.1.66. [861, Exercise V.12, p. 134] 

Let C be a Grothendieck category. The following are equivalent 

(1) X is small; 

(2) the functor h'-^ = Homc(X, — ) preserves denumerable direct sums; 

(3) the functor h'^ = Homc(X, — ) preserves denumerable direct unions; 

(4) if X = ^Xi where Xi C X2 C . . . is a denumerable ascending chain of subobjects of 
X , then X = X„ for some n. 

In [86] the terminology "^-generated object" was used for small object. 

Let C be a Grothendieck category. From Proposition 11.1.661 every finitely generated of 
C is small. Following ^771 p. 76], we say that C is a steady category if every small object of 
C is finitely generated. For instance, every locally noetherian category is a steady category 
(see [771 Exercice 2.12.22, p. 76]). 

Ring action on a A;-category. To give a A;-category with only one object is the same 
as to give a /c-algebra. Let A be a fc-algebra and C a fc-category. Consider A as the 
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category with only one object *. To give a fc-functor T : A ^ C is the same as to give an 
object T{*) = C and a fc- algebra morphism 

p:A = HomA(*, *) ^ Homc(T(*), r(*)) = Homc(C, C). 

The functor T : A — C is called a left A-object in C and is denoted by {C, p). The category 
of left A-objects in C is the category of fc-functors Horrid (A, C) and it is denoted by aC. 
Thus, a morphism {C,p) — ^ {C',p') in is a morphism f : C —>■ C in C such that, for 
all a & A, the following diagram is commutative 



p'{a) 



From Proposition 11.1.71 and Example II. 1.101 (3), if C is a /c-category (resp. fc-abelian 
category), then so is ^C. 

Dually, a right A-object is a fc-functor A° C. The category of right A-objects in C 
is the category of fc- functors Horrid (y4°, C) and is denoted by C^- Obviously, Ca — a°C. 

If C = Mk, then aC = aM and Ca = Ma- 

Let A be fc-algebra and F : C ^ D a fc-functor. If C G aC, then F{C) G aD. Hence, 
we obtain a functor aF = F : aC aD- Notice that aF is nothing else than the functor 
F^ defined in "Diagram categories". From Proposition ll.l.lJj fc). if F is left (resp. right) 
exact, then the functor aF is so. If F is a contravariant functor, we obtain a functor 
F : aC Da. For a fc-category C and a A;-algebra morphism A B, we obtain a functor 
a(— ) : bC — > aC (the restriction functor). 

Lemma 1.1.67. Let F, G : C ^ T) be k-functors and t] : F ^ G a natural transformation. 
Then aV = V '■ aF aG is a natural transformation. In particular, if G & aC then 
rjc '■ F{G) G{G) is a morphism in aD. 

Proof. Obvious. (This lemma is also an immediate consequence from the definition of the 
natural transformation rf', see "Diagram categories".) □ 

Now, let T : C X D — s> E be a fc-linear bifunctor (i.e. fc-linear in each variable) and 
(C, p) is a left A-object in C, then T(C, D) is a left A-object in E for all D G D. Moreover, 
it is easy to verify that, for a morphism / : C — C" in C and a morphism g : D D' 
in D, T{f,g) is a morphism in aE. Hence, we obtain a functor aC x D ^ aE. If T is 
contravariant in C and covariant in D, then we obtain a bifunctor aC x D — Ea. A 
special case is the following: Let C be a fc-category. The fc-linear bifunctor Homc(— , — ) : 
C X C ^ Mk induces a bifunctor Homc(— , — ) : aC x C ^ Ma- 



Proposition 1.1.68. Let C be a k-category and A a k-algebra. 
(1) Assume that C has direct sums and cokernels. Then 
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(i) Let X e and N e Ma- The functor C Mk defined by 

Y ^ RouiAiN, Romc{X, Y)) 

is representable. Set N <S)a X its representative, 
(a) The functor contravariant in the first variable and covariant in the second one 

Homc(-, -) : aC X C ^ Ma 

has a left adjoint functor 

-■.MaXaC^C 



which assigns to each {N,X) e Ma x aC, N ^a X . In particular, the functor 
— <S>A — is k-linear and preserves limits in each variable. 

(2) Assume that C has products and kernels. Then 

(i) let X & and M e aM. the functor C Mk defined by 

Y ^ HomA(M, Homc(F, X)) 

is representable. Set }iomA{M, X) its representative, 
(a) There is a functor 

liomA{-,-):UMyxAC^C 

which is k-linear and preserves colimits in each variable, and assigns to each 
{M,X) e {aM)° X aC, B.omA{M,X), such that the isomorphism 

HomA(M, Homc(r, X)) ~ Homc(r, HomA(M, X)) 

is natural in M, Y and X . 

Proof. (1) (i) First we consider the particular case where N — A'^^'' with 7 a set. Then 
there is an isomorphism which is natural in y e C: 

}iomA{A^^\ Homc(X, Y)) ~ Homc(X, YY ~ Homc(X(^), Y). 

f 

For the general case, let y e C and let ^C-^) s- ]\[ > Q be an exact sequence 

with / and J sets. By the Yoneda-Grothendieck Lemma, there is a morphism g : X^"^^ — > 
X^^^ in C and a unique isomorphism of /c-modules 

rjY : HomA(A^,Homc(X,y)) ^ Homc(Coker(^), y) 

making commutative the diagram 

RomA{N, Homc(X, Y)) HomA(^«, Homc(X, Y)) RomA{A^^\ Homc(X, Y)) 

^ Homc(Coker(^), y) > Homc(X(-f), y) — ^ Homc(X("^), y). 
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By Lemma Fl. 1.41 rjy is natural in F G C. 

(ii) Follows immediately using Proposition ll.l.46[ the dual of Proposition 11.1.351 and 
Propositions 11.1.481 11.1.331 

(2) Apply (1) to C° and A°. □ 

Remark 1.1.69. If C has finite direct sums and cokernels (resp. C has finite direct sums 
and kernels) and N (resp. M) is finitely presented, then, by a slightly different proof, we 
obtain that ®a X (resp. Homyi(M, X)) is well defined. 

Now, we will recall a well known result of Gabriel-Popescu ( |79l Theorem 3.7.9]). Let 
C be a Grothendieck category and U E C Set A = Endc{U). Then U G aC. Consider 
the functors 

T = Romc{U,-):C^MA, S = - ®aU : Ma ^ C. 
We have that {S, T) is an adjoint pair. 
Theorem 1.1.70. [Gabriel-Popescu] 

Let C be a Grothendieck category and f/ G C. The assertions below are equivalent 

(1) U is a generator ofC; 

(2) T is fully faithful and S is exact. 

For an alternative proof of it see that of [60l Theorem 8.5.8]. 
The following result is contained in [53l Proposition 3]. 

Theorem 1.1.71. [Harada] 

Let C be a Grothendieck category and U E C. The assertions below are equivalent 

(1) S is an equivalence of categories; 

(2) U is a generator, projective and small in C. 

Some Hom-tensor relations. Let R and S be rings. 

Lemma 1.1.72. (1) LetC andT) be abelian categories, F andO be covariant (contravari- 
ant) additive functors from CtoY), and let rj : F ^ G be a natural transformation. 

If 

is split exact in C, then rjc is a monomorphism (resp. an epimorphism, resp. an 
isomorphism) if and only ifrjc' andrjc" are monomorphisms (resp. epimorphisms, 
resp. isomorphisms). 
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(b) If Ci, . . . , C„ e C, then ri^ri_^Ci is a monomorphism (resp. an epimorphism, resp. 
an isomorphism) if and only if VCi, ■ ■ ■ iVCn ^'^s monomorphisms (resp. epimor- 
phisms, resp. isomorphisms). 

In particular, if C and D are the categories of left or right modules over R and 
S, respectively, and if rjn is a monomorphism (resp. epimorphism, resp. isomor- 
phism), then so is r]p for every finitely generated projective R-module P. 

(2) Let F and G he left exact contravariant (additive) functors from rM. to Ab, and let r] : 
F ^ G be a natural transformation. If rj^ : F{R) G{R) is a monomorphism (resp. 
isomorphism), thenrjM '■ F{M) — > G{M) is also a monomorphism (resp. isomorphism) 
for every finitely generated (resp. finitely presented) module rM. 

The version of this statement for right exact covariant (additive) functors is obtained 
by replacing monomorphism by epimorphism. 

(3) In the situation (^L, sUr, rQ), there is a homomorphism natural in L, U and Q, 

ri : Horns (L, U)®rQ^ Horns (L, U ®r Q) 

defined by 

vil '^q) ■ I ^ 7(0 q. 
(i) If sL is finitely generated and rQ is fiat, then rj is a monomorphism. 
(n) If 

(a) sL is finitely generated and projective, or 

(b) sL is finitely presented and rQ is fiat, or 

(c) rQ is finitely generated and projective, 
then rj is an isomorphism. 

(4) In the situation {Ls, rUs,Qr), there is a homomorphism natural in L,U and Q, 

r]:Q®R Hom5(L, U) Hom5(L, Q ®r U) 

defined by 

viq 7) - l ^ q'^ 7(0- 
(i) If Ls is finitely generated and Qr is flat, then rj is a monomorphism. 
(n) If 

(a) Ls is finitely generated and projective, or 

(b) Ls is finitely presented and Qr is flat, or 

(c) Qr is finitely generated and projective, 
then 77 is an isomorphism. 

(5) Let M and N be left A-modules. If 



49 



(a) aN is finitely generated and projective, or 
(h) aN is finitely presented and aM is flat, or 
(c) aM is finitely generated and projective, 

then the map 

On,m ■.N*®aM^ HomA(Ar, M) 

defined by 

is an isomorphism which is natural in M and N. 

(6) Let M and N he right A-modules. If 

(a) Na is finitely generated and projective, or 
(h) Na is finitely presented and Ma is flat, or 
(c) Ma is finitely generated and projective, 

then the map 

On,m -.M^aN*^ RouiAiN, M) 

defined by 

ON,M{m (8) 7) : n 1-^ 7717(71), 
is an isomorphism which is natural in M and N. 

(7) In the situation (L5, rUs, rQ), there is a homomorphism natural in L, U and Q, 

u : Roms{U, L)®rQ^ Horns (Homii(g, U), L) 

defined by 

^(7 <8) : o; I— > ^{a{q)). 
(i) If rQ is finitely generated and Ls is injective, then v is an epimorphism. 
i^i) If 

(d) rQ is finitely generated and projective, or 
(h) rQ is finitely presented and Ls is injective, 
then V is an isomorphism. 

(8) In the situation (5L, sUr, Qr), there is a homomorphism natural in L, U and Q, 

p:Q®r Homs(^7, L) Hom5(HomR(g, U), L) 

defined by 

^{q (g) 7) : a 1-^ ■^{a{q)). 
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(i) If Qr is finitely generated and sL is injective, then v is an epinnorphism. 

(ii) If 

(a) Qr is finitely generated and projective, or 
(h) Qr is finitely presented and sL is injective, 
then V is an isomorphism. 

Proof. (1) (a) From Proposition 11.1 .401 there are two split exact short sequences 







C ^ C" 







and 



^ C" 



C 



0. 



By Corollary 11.1.411 we obtain then, in both cases (the "covariant" case and the "con- 
travariant" one), two diagrams with split exact rows 







F{C')- 

Vc' 



F{C) 
vc 



■F{C")- 

Vc" 







G{C') G{C) G{C") 



and 



0- 



F{C") - 

Vc" 

GiC") - 



F{G) 

vc 



F{G')- 



G{G) ^G{G') 



0. 



The short five lemma achieves then the proof, 
(b) It follows by induction using (a). 

(2) Let rM be a finitely generated (resp. finitely presented) module. Then there is an 
exact sequence is a (resp. a finite) nonempty index set and 

G N — {0}. Consider the commutative diagram with exact rows 







F{M) ^ F(i?") 



F(i?(^)) 



Vm 



Vr" 







G{M) -G(i?" 



G(i?(^)). 



By (1), rjRTi is a monomorphism (resp. rjRn and rjj^^i) are isomorphisms). Hence 7]m is also 
a monomorphism (resp. an isomorphism). 

Analogously we prove the second statement. 

(3), (4), (7) and (8) are straightforward from (1) and (2). (5) is obvious from (3) while 
(6) is obvious from (4). □ 
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Separable bimodules. Separable bimodules are introduced by Sugano in [87J. Let 
aMb be a bimodule. Define the evaluation map ev : M ®b *M ^ A hj m ^ f ^-^ f{fn) 
which is an A-bimodule morphism. M is separable or A is M-separable over B if ev is a 
retraction in a-Ma- 

A ring extension A/S is a ring morphism l : S A. A ring extension A/S is called a 
separable extention if 

/i5 : y4 ®5 y4 — > y4, o ® b ob, 

is a retraction in a-Ma- 

Let aMb be a bimodule. We have, E = EndB(M) (resp. E' = EndA(M)) is a ring 
extension over A (resp. B) via left (resp. right) multiplication. 

Proposition 1.1.73. [871 Theorem 1, Proposition 2] (see also [571 Theorem 3.1]) 
Let aMb be a bimodule. 

1) If M is separable then E/A is a separable extension. 

2) If Mb is finitely generated projective and E/A is a separable extension, then M is 
separable. 

3) If aM is finitely generated projective and M is separable, then E'/B is a separable 
extension. 

4) If aM is a generator and E'/B is a separable extension, then M is separable. 

Locally projective modules. Let i? be a ring. Following Zimmermann-Huisgen [99] . 
a right i?-module M is called locally projective if for every diagram in M.a with exact rows: 

^F^^M 

h / 
> f t 

L^^N -0, 

where F is finitely generated, there exists h : M —* L with gi = fhi. Obviously, every 
projective module is locally projective. 
For every M e Mr and e rM, let 

aM,N ■■ M ^rN ^ Hom/j(M*, A^) 

be the map defined by aM,N{fn ® n){f) = f{m)n, for every m G M, n & N, f & M*. 

Following Bass, M is called torsionless if aM,R is injective and reflexive if aM,R is an 
isomorphism. 

Following Garfinkel [iQ], M is called universally torsionless (UTL) if aM,N is injective 
for all A^ G rM and universally ring torsionless (URTL) if M ^r S is S-torsionless for all 
ring extensions S/R. 
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Proposition 1.1.74. [101 Theorem 2.2] 

Let M be a module over a commutative ring R. The following are equivalent 

(1) M IS UTL; 

(2) M IS URTL; 

(3) M (gj/j S is S-torsionless for all commutative ring extensions S/R. 

Proposition 1.1.75. [101 Proposition 2.4] 

Let M be a right R-module. The following are equivalent 

(1) M IS UTL; 

(2) M IS URTL and fiat. 

Let /5 : G — s> M be a map in A1/j and n G N — {0}. Let us consider the property P{n): 
for all Xi, . . . ,x„ G G, there is a map ip : M ^ G 'm. A4ji such that PipP^xi) = for 
i = 1, . . . ,n. 

By Lemma ^01 Lemma 3.1], we have that, for every n, P{1) and P{n) are equivalent. 

A submodule K of Mr is called ideal pure if for every left ideal / of R, KI = K D MI. 
Following [101 p. 124], a map /? : G ^ M in is said to be split if there a map 
99 : M — >• G in A4ji such that P = P(pP, finitely split if it satisfies -P(l), and (ideal) pure if 
its image is (ideal) pure. Note that, if the image of (3 is finitely generated, then it is split 
if and only if it is finitely split. 

From [ini Theorem 2.6] and [99j, Theorem 2.1] we obtain the following proposition. [991 
Theorem 2.1] provides more equivalent conditions to the (1) to (11) ones. 

Proposition 1.1.76. Let M be a right R-module. The following are equivalent 

(1) M is locally projective; 

(2) M IS UTL; 

(3) M is a (ideal) pure submodule of a right UTL module P; 

(4) C(M,N is injective for every cyclic left R-module N; 

(5) every m E M belongs to M.M*{m) with M*{m) = {f{m) \ f G M*}; 

(6) for every m G M , there are mi, . . . , m„ G M and fi, ■ ■ ■ , fn ^ M* such that m = 
Y,mifi{m); 

( 1) every ideal pure map (3 : G ^ M finitely splits; 

(8) every epimorphism (3 : G ^ M finitely splits; 

(9) for every finitely generated submodule K of M there is a finitely generated free right 
module F and maps a : F ^ M and 'j : M ^ F such that 0:7 is the identity on K ; 
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(10) for every finitely generated suhmodule K of M there are mi, ... , m„ G M and fi, ■ ■ ■ , fn ^ 
M* such that x = ^ mj/j(x) for x G K ; 

(11) for every epimorphism (3 : G ^ M the induced map 

Hom^(C,/3) : HomR(C,G) ^ HomR(C,M) 

is an epimorphism for every finitely generated module C such that for every m & M 
there is an a & End/j(M) with a{m) = m and the image of a is contained in a finitely 
generated suhmodule of M. 

Corollary 1.1.77. [40, p. 126] 

(a) Let Mr he UTL and S/R a ring extension. Then the right S -module M ®i? 5* is also 
UTL. 

(h) Each projective module is UTL. 

(c) Any finitely generated UTL module is projective. 

(d) Any finitely generated pure suhmodule of a UTL module is a projective direct summand. 

(e) Any countahly generated suhmodule of a UTL module M is contained in a countahly 
generated pure projective suhmodule. 

We refer to [iQl [99] for more details. 

The following example has been communicated to me by Edgard Enochs. 

An example of a self-injective commutative ring which is not coherent. Let 

(i?j)jg/ be any family of rings indexed by the set I and let R = Yliei ^i- Then the following 
are easy to prove. If / is a finitely generated ideal of R such that I is generated by n > 1 
elements, then for each i G / there are ideals /j G Ri such that is generated by n elements 
and such that / = Ylli- Conversely, given an n > 1 and such ideal li for each i G / we 
get that J = n Jj is a finitely generated ideal of R and moreover that I is generated by n 
elements. 

The above can be generalized to finitely generated submodules of R"^ for any m > 1. 
Now using the above facts it is not hard to see that if R is coherent the following two 
conditions hold: 

(a) each R^ is coherent, 

(b) for each i and n > 1 if J, is an ideal of Ri generated by n elements and if R" li 
is surjective and linear then there is some m > 1 such that each of these kernels is 
generated by m elements. 
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Now for an example, let / = P (P the set of positive natural numbers) and let P„ = 
k[[xi, . . . , Xn]] modulo the ideal generated by x^, . . . , Then each P„ is artinian and so 
coherent. But now look at [32, Proposition 21.5 (p. 530), Corollary 21.19]. Then we see 
that each P„ has a unique minimal ideal J„. But it is not hard to see that if P„ — > /„ is 
surjective then the kernel (which is the ideal generated by the cosets of xi, . . . , Xn) cannot 
be generated by fewer than n elements. So in this case, the product ring R is not coherent. 

By the results in mentioned above, we have that each P„ is self-injective (in his 
language, Gorenstein of dimension 0). Finally, from [HH Corollary 3.1 IB], the product of 
self-injective rings is also self-injective. So this is an example of a commutative ring R that 
is self-injective but which is not coherent. 

1.2 The category of comodules 

We recall from [89] the definition of a coring. 

Definition 1.2.1. An A-coring is an A-bimodule C with two A-bimodule maps A : C — > 
C ®A ^ {coproduct or comultiplication) and e : <t ^ A (counit) such that (C ®a A) o A = 
(A®yiC)oA {coassociative property) and (e®yi€)oA = (Ccg>^e)oA = l^r {counit property) , 
that is the following diagrams are commutative 

C ^ 



A 




As for coalgebras, we will use the Sweedler's sigma notation, for every c G (£, we write 

^(c) = X]c(l) ®A C(2). 

Then, as for coalgebras, the coassociative property can be expressed by 

A(C(1)) C(2) = ^ C(i) (g)A A(C(2)) = ^ C(i) C(2) ®A C(3) , 

and the counit property can be expressed by 

5^e(c(i))c(2) = c = J]c(i)e(c(2)). 

Sometimes the symbol ^ will be omitted. 

Examples 1.2.2. (1) If we take A = k we find the notion of a fc-coalgebra. 

(2) (t = A endowed with the obvious structure maps is an A-coring. This coring is called 
the trivial coring. 
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(3) Let p : A ^ B he a morphism of fc-algebras, and €. be an A-coring. B(tB = B®a^®aB 
is a i?-coring with coproduct and counit: 

/^bzb-=B®av®aB:B®a<^®aB^B®a<^®aB®a<^®aB, 

eBCB : B ®a^®aB ^ B, b®AC®Ab' ^ bp{e{c))b', 

where 

: £ ^ £ ® A 5 (g)A c i-^ ^ C(i) ®aIb®a C(2)- 
This coring is called a base ring extension of €. 

(4) Let X be a nonempty set. AX = A^^^ is an A-coring with coproduct and counit: 

A{x)=x®ax, e{x) = 1a: 

for every x & X. This coring is called the grouplike coring on X . If we take A = k we 
find the definition of a group like coalgebra (cocommutative). 

(5) Let M be a i? — A-bimodule with Ma is finitely generated projective. Let {cj, e*}i^i be 
a finite dual basis of M. Define r : B M®aM*, b f-> ^'^i^'^i = <^i®'^ib, 
and eM*<g)BM '■ M* ®b M ^ B, (p ® rrn-^ (p{m). 

Then we have {A, B, aM^, bMa, (-m*®bMi t) is a comatrix coring context, i.e. eM*®BM 
and T are bimodule maps, and the following diagrams are commutative 

M* ®B M ®A M* ^ A®aM* M ®a M* ®b M ^ M®aA. 



t^bM 



M*®bB = B®bM = 

By [HI Proposition 2.1] or [lEl Theorem 2.4(2)], M* ®b M is an A-coring with co- 
product 

Am*®sM : M* ®b M ^ M* ®b M ®a M* ®b M, if ® m ^ ® Ci ® e* ® m, 

and counit eM*^BM- This coring is called the comatrix coring associated to the bimodule 
M. We propose a generalization of this coring in Chapter 3. In fact, we consider, under 
certain suitable conditions, a coring associated to a quasi-finite comodule over a coring. 

(6) We take in (5) M = A" for n G N - {0}. M* ®a M can be identified with the ring of 
all n X n matrices with entries in A, Mn{A). Let {Gij}i<ij<n be the canonical A-basis 
of Mn{A). Then M„(A) is an A-coring with coproduct and counit defined as follows 

A(^ij) = X] ^^-'^ ®^ ^^^'J ' ^(^»>i) = 

k 

This coring is called the {n,n)-matrix coring over A and it is denoted by M^{A). 
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Following [HH], for an A-coring, C, we define: 



Horn 



iA,A) 



X A) = en *€. 



The following result that gives the elementary properties of these /c-modules is essen- 
tially due to Sweedler, see [521 Proposition 3.2] (see also [18, 17.8]). 

Proposition 1.2.3. (1) (t* is a k-algebra with product f g = g{f ®a and unit 

e. More explicitly, f g{c) = X] 5'(/('^(i))c(2))? for every c G €. Moreover the map 
iji : A €*, a \—>- e{a—), is an anti-morphism of k- algebras. 

(2) *€. is a k-algebra with product f *^ g = /(C g)^, arid unit e. More explicitly, 
f g{c) = ^ /(c(i)(y'(c(2))), for every c & (t. Moreover the map ii '■ A ^ a 
e(— a), is an anti-morphism of k- algebras. 

(3) *£* is a k-algebra with product f * g{c) = X] /(c(i))5'(c(2)), for every f,g E *(t*,c G 
and unit e. Moreover the map i : Z(y4) Z(*C*), a ^ ) = e(— a), is a morphism 
of k-algebras. (L{A) and Z(*C*) denote the center of A and *€,* respectively.) 

(4) Z(r) C Z(*r) and Z{*€.) C Z(*£*). 

(5) If A = k (<t IS a k-coalgebra), then (£* = *(£ = *(£*. 

(6) If ^ is the trivial A-coring, then €,* ~ A° (the opposite algebra of A) and *€, ~ A. 

Definitions 1.2.4. A right €-comodule is a pair {M,pm) consisting of a right A-module 
M and an A-linear map pm : M ^ M ®a ^ (right coaction of €. on M) satisfying (M 0a 
^) ° Pm = {pm ®a ^) ° Pm and (M 0^ e) o pj^,j = l^^^. That means that the following 
diagrams are commutative 



M — 

PM 



PM 



Pm^a^ 



M®A^ 

M®A<^®A^ 



M^^M^A^ 



;i.l5) 




A comodule morphism f : M ^ N oi right £-comodules (M, pm) and (A^, p^) is a right 
A-linear map such that (/ ®a ^) ° Pm = Pn ° f- That means that the following diagram 
is commutative 

/ 



M — 

Pm 
M®A^- 



N 



:i.i6) 



Pn 



N0A<t 



The set of all such morphisms is a fc-submodule of HomA(M, A^), and it will be denoted 
by Hom£(M,Ar). 

Analogously we define a left comodule M, and a comodule morphism of left comodules. 
The left coaction of C on M, M ^ ft ®a M, is denoted by Am- 
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Since A^^ is a A;-category, right comodules over £ and their morphisms form a k- 
category, and it is denoted by A4'^. When (t is the trivial A-coring, is the category 
of right A-modules AiA- Analogously left comodules over € and their morphisms form a 
/c-category, and it is denoted by ^A4. 

Coproducts and cokernels (and then inductive limits) in A^*^ exist and they coincide 
respectively with coproducts and cokernels in the category of right A-modules Ai^ (see 
Proposition 11.2.151) . If is flat, then is a fc-abehan category (see Proposition 1 1 . 2 . 1 51) . 
Moreover it is a Grothendieck category (see also Lemma [l.2.16p . 

As for coalgebras, we will use the Sweedler's sigma notation, for every m G M, we write 

PM{m) = ^m(o) "^(1). 
Again as for coalgebras, the commutativity of the diagrams (ll.lSp can be expressed by 

^ pAiim^o)) ®A "^(1) = rn^o) ®A A(m(i)) = ^ m(o) Oa "^(i) ®A m^2), 

and 

^m(o)e(m(i)) = m. 
Also the commutativity of the diagram fl2.1.14p can be expressed by 

/(m)(o) ®A /(H(i) = /("^(o)) ®^ "^(1)- 
Sometimes the symbol ^ will be omitted. 

Proposition 1.2.5. (1) Let T be a k-algebra and M G tM^. If X G Mr, then X ®t M 
is a right (t-comodule. If f is a morphism in Air, then f ®t M is a morphism in 
This yields a functor — (8>t M : A4t ^ J^^. In particular, we obtain a functor 
-0A^-- Ma^ M'^. 

Right <t-comodules of the type X®a^ where X G M.a, <2?^e called standard comodules. 

(2) The forgetful functor (forgets the coaction) U : Ai'^ ^ M.a is a left adjoint to the 
functor — ®A ^ '■ A4a — ^ A^'^. In particular, the functor — ®a ^ preserves projective 
limits. 

(3) Let T be a k-algebra and M G tM'^. The functor - ®t M : Mr is a left 
adjoint to the functor Homir(M, — ) : Ai'^ Air- In particular, the functor — ®t M 
preserves inductive limits. 

Let I be a nonempty index set. A^^^ (8>a ^ — '^^^^ os comodules, and for M G Ai^, there 
is a surjective <t-comodule -* M ®a ^, where I' is a set. 

(4) Let M G Ai*^. M is a direct summand of the right A-module M ®a ^- The coaction 
Pm '■ M — > M0A ^ is a morphism of right €-comodules, and then M is a subcomodule 
of a standard comodule. 
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Proof. (1) Easy verifications. 

(2) For every M e M'^ and X e Ma, the /c-linear map 

(p : Home:(M, X 0^ C) ^ Hom^(M, X), / ^ (X 0^ e)/, 

is bijective, with inverse map g ^ {g <^a ^Pm- Moreover, (/? is natural in M and X. 

(3) From the Hom-tensor relations, we obtain that for every X e Mt and N e M!^, 
the /c-linear map 

^ : HomT(X, HomA(M, AT)) ^ HomA(X ®t M, AT), 

il){f){x ® m) = /(,T)(m), is bijective, with inverse map ilj~^{g){x) = g{x — )• Moreover, 
ip is natm^al in both X and A^. It is easy to verify that ip induces a bijection 

^' : HomT(X, Home:(M, N)) Home:(X 0t M, N). 

Since ip is natural in X and N, ip' is also natural in X and A?^. This achieves the proof of 
the first statement. 

The first part of the last statement follows directly from the first statement. To show 
the second part, take a surjective A-linear map / : ^ M. Then, f(g)A<^- A^^^^aC 

M ()$iA C is a surjective comodule morphism, and A^'^^ 0a — C*-^-* as comodules. 

(4) By the counit property, pm is a section in Ma {{M 0a ^)pm = M). In particular, 
Pm is an injective 74-linear map. On the other hand, from the coassociativity property, pm 
is a comodule morphism. □ 

Definitions 1.2.6. An A' — A-bimodule M is a — €-bicomodule if 

(1) M is at the same time a right and a left comodule over C and €' respectively. 

(2) Pm is ^'-linear and Am is ^-linear. 

(3) one of the following equivalent statements holds 

(a) Pm : M ^ M ®a is a morphism of left C-comodules; 

(b) Am : M ^ €! ®a' M is a morphism of right C-comodules; 

(c) the following diagram is commutative 

M — M®A^ 



M 



€' 0A' M e ® A' M 0A €. 

A morphism of bicomodules is a morphism of right and left comodules. 
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€! — C-bicomodules with their morphisms form a A;-category '^ .M'^. Coproducts and 
cokernels (and then inductive hmits) in this category exist and they coincide respectively 
with coproducts and cokernels in the category of right A' — A-modules, a'M.a (see Proposi- 
tion ll.2.13l) . If and €! a' are flat, ^A'^ is a /c-abelian category (see Proposition II .2. 131) . 
Moreover it is a Grothendieck category (see also Corollary 11.2.81 Proposition 11.2.111 and 
Lemma ri. 2. 161) . If C and are the trivial 74-coring and A'-coring respectively, then J^'^ 
is exactly the category a'M.a- 

Let R, S and T be fc-algebras. In the situation {Mji_s, rNt), M (S)rN is a right S <^T- 
module via (m ® n)(s ® t) = ms nt. The situation r-sM is equivalent to that of r^sM 
via (r ® s)m = s{rm) = r{sm). 

Lemma 1.2.7. Let R, S and T be k-algebras. In the situation {Mr^s, rNt, s-tL) , there 
is a unique morphism 

a:{M®R N) ®s®t M ®r^s (N 0t L) 

such that a{{m ®n)®l) = m® {n®l). Moreover, this morphism is an isomorphism and 
yields a natural isomorphism of functors. 

Proof. Easy verifications. □ 

Corollary 1.2.8. Let S and T he k-algebras. In the situation {Ms,Nx), if Ms and Nj- 
are flat, then (M N)s(g,T is also flat. 

Lemma 1.2.9. In the situation {aMa, aNa, bLb, bPb) , there is a unique morphism 

p : {M (g)A N) (L Ob P) (M ® L) ^a^b {N ® P) 

such that j3{{m ® n) ® (I ® p)) = {m ® I) ® {n ^ p) . Moreover, this morphism is an 
isomorphism. 

Proof. Easy verifications. □ 
Proposition 1.2.10. [131 Proposition 1.5] 

Let (t be an A-coring and D be a B-coring. Then is an A® B -coring with coproduct 

COS) ^"^^^ (c ®A c:) ® (D D) (£ ® D) ®a®b (c: ® S)), 

and counit 



g0D ^ A®B. 

For example, if C is the trivial A-coring and D is the trivial i?-coring, then the A® B- 
coring C ® is noting else that the trivial A ® i?-coring. 

Every {A, i?)-bimodule M yields a (5°, A°)-bimodule M°. Let €, be an A-coring. Then 
£° is an A°-bimodule. The opposite coring of that is denoted by is the y4°-coring 
with coproduct 
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where r is the isomorphism of /c-modules defined by r(c ® c') = c' ® c, and counit e° = e : 
it° A°. 

As examples, the opposite coring of the trivial A-coring is the trivial y4°-coring. The 
opposite coring of a fc-coalgebra C is the opposite coalgebra of C. 

The following result generalizes both the algebra case and the coalgebra case. 
Proposition 1.2.11. [IHl Proposition 1.8] 

Let € be an A-coring and D be a B-coring. Then there are isomorphisms of categories 

Lemma 1.2.12. (1) Let M,N,K G A4'^, p : M ^ N be a morphism in which is a 
surjective map, and f : N ^ K be a map such that fp is a morphism in A4'^. Then f 
is a morphism in A4'^. 

(2) Let M,N,K G M'^, f : M ^ N be a map, and i : N ^ K be a morphism in M'^, 
such that i and i ®a C are injective maps, and if is a morphism in Ai'^. Then f is a 
morphism in Ai'^. 

Proof. The proof is easy. We prove for example (2). It is obvious that / is A-linear. We 
have moreover, {i a ^)if ®a ^)pm = {if ®a ^)pm = Pxif = {i ®a ^)pNf ■ Since i®A^ 
is injective, then (/ ®a ^)pm = PNf, that is, / is a morphism in TW*^. □ 

Proposition 1.2.13. (1) Let {Mi}i be a family of'^M'^. Put M = 0^Mi in a'Ma- 
Then there is a unique morphism Pm : M ^ M ®a £ in a'M.a making the following 
diagrams commutative {i G /) 

Mi — ^Mi(g)A€ . 

M — ^M^A^ 

{M,pm) is a right €-comodule and Li : Mi ^ M is a morphism of right <E-comodules. 
Moreover {M, {ii}i} is the coproduct of {Mi}j in Ai'^. 

Analogously we define Xm '■ M ^ €.'®a'M to be the unique morphism in a'M.a making 
commutative the diagrams {i G /) 

Mi — ^(E'^A'Mi . 

M — ®A' M 

We have {M, p^, Xm) is a (t' — €-bicomodule and Li : Mj ^ M is a morphism of 
€! — €-bicomodules. Moreover {M, {ij}/} is the coproduct of {Mi}j in A4'^. 
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(2) The category '^ M.'^ has cokernels, which coincide with those in a'-Ma- 

(3) Let f : M ^ N be a morphism in '^'M.'^, and let i : Ker(/) M be its kernel in 
A'M-A- If f ^■s Cj^,-pure and A^-pure, and the following 

i<^A<^<^A <^A' ^ ®A' i and €' <^a' i <^a ^ 

are injective maps, then Ker(/) is the kernel of f in Ai'^. This is the case if f is 
{€' <S>A' ^)A'-pure, a{^®a €)-pure, and €' <S>a' f is A^-pure (e.g. if and ^€ are 
flat). 

Proof. (1) The proof of the first part is well known and we leave it to the reader. For the 
second part consider, for all i e /, the diagram 



€! ®A' M 



^ e' ®A' M®A<i 




Then for all i & I, all the squares, save possibly the bottom one, are commutative. 
Hence the bottom square is also commutative. 

(2) The proof is well known and we leave it to the reader. 

(3) First put M' = Ker(/). From the assumptions there is a unique morphism pM' '■ 
M' M' <^A ^ in A'M-a making commutative in a'A^a the following diagram 







M 



N 



Pm' 



Pm 



Pn 



Now consider the diagram 



M' 



Pm' 



■M' ®A^- 



Pm' 



M' ®A<^-^ ^M' ®A<t®A<^- 



M®A ^ 
M®a<^®A<^ 



:i.i7) 
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i Cg>A is a morphism in A^*^ means that the second rectangle of (11.171) is commutative. 
Since 

= {pm ®a ^)pMi 

= (pM ®A^)ii®A'^)pM' 

= {pui ®A ^)pM' 

= (z ® A C ^A ^) (pAf ® A ^)PM' ■ 

Then the diagram fll.l7p is commutative. Hence the coassociative property of pm' holds. 

The counit property of pm' follows from the commutativity of the following diagram 
and the counit property of Pm 



M' — M' ®A 



M^^M®A 



■M®aA 



Hence {M',pm') is a right C-comodule. 

By the same way we define A m' '■ M' €! ®a' M' which endow M' with a structure of 
left £'-comodule. 



Now consider the diagram 
M' 



Pm' 



■M' 



€' (S)A' M' 




It follows from Lemma Tl. 1.41 {€! ®a' i ®a ^ is an injective map), that pm is a morphism of 
left C-comodules (or Am is a morphism of right £-comodules). Hence M' G ^TVI^ and i is 
a mono morphism in AA'^. 

Finally, let : X — > M be a monomorphism in Ai*^ such that fS, = 0. Then there 
is a unique morphism j : X —>■ M' in a'M.a such that ^ = Z7. By Lemma 11.2.121 {i ®a ^ 
and £' ®A' i are injective), 7 is a morphism in Ai*^. Therefore {M',i) is the kernel of / 
in ^'W^. □ 
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Corollary 1.2.14. [52, Proposition 1.1] 

Let f : M ^ N be a morphism in Ai'^, and let i : Ker(/) ^ M be its kernel in aiM.^. If 
i is section in a'-Ma and Im(/) is a ^'^i-pure submodule and a A^-pure submodule of N, 
then Ker(/) is the kernel of f in '^Ai'^. 

Corollary 1.2.15. [18, 18.14] 

For an A- coring (t, the following are equivalent 

(1) A^ is flat; 

(2) the forgetful functor ^ M.a is a monofunctor; 

(3) every monomorphism U —>■ € in Ai*^ is infective (in M.a)- 

Proof. (1) =^ (2) Clear. (2) =^ (3) Trivial. 

(3) =^ (1) By the Flat Test Lemma [5l 19.17], it is enough to show that C is A^-flat, 
that is, for every right ideal / of A, the map I®a^ A®a^ is injective. Since A®^^ ~ £ 
in and the functor — ®a ^ preserves monomorphisms, the claimed statement holds. □ 

Lemma 1.2.16. // a^ is flat, then the subcomodules of C", n E N, form a generating 
family for the category Ai'^. 

Proof. Let M G A^^. M is a subcomodule of a standard comodule M' . Then there is an 
epimorphism / : <Z^^'^ M' for some index set A. Let 7^ be a subcomodule of M such 
that K 7^ M, and let m G M — K. There are n G N and a monomorphism i„ : (t^^^ 
such that m G Im(/2„). Then we obtain the following diagram 

{fln)-\M) 

Then, by Lemma 11.2.121 (yf is a morphism m M.'^. g cannot be factorized through a 
morphism {fin)~^{M) K. Hence the mentioned family is a family of generators of 
W^. □ 

Now, we end this section by recalling some corings of particular interest. 

Coseparable corings. Following [52], a coring € is said to be coseparable if the 
comultiplication map is a section in the category '^Ai'^. Obviously the trivial coring is 
coseparable. 

Definition 1.2.17. A comodule M G Ai'^ is called A-relative injective comodule or (C, A)- 
injective comodule if for every morphism in A^^, i : — L, that is a section in AiA-, every 
morphism in Al*^, f : N ^ M, there is a morphism in Ai'^, g : L ^ M, such that / = gi. 

Proposition 1.2.18. [IHl 18.18] 
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(1) Let M G TVI*^. The following are equivalent 

(a) M is {€, A)-injective; 

(b) every morphism in Ai'^, i : M L, that is a section in M-a, is also a section in 

(c) the coaction pm '■ M ^ M (g)^ € is a section in Ai'^. 

(2) For every X G A4a, X 0^ € is {<t, A)-injective. 

(3) For every M G M.'^ that is (C, A)-injective, and every L G Ai*^, the canonical sequence 

^ Hom(r(L, M) HomA(L, M) HomA(L, M ®a ^) 

is split exact in Ais, where B = End(r(L) and -yi^f) = pm/ — (/ ®a ^)pl- 
For instance the comodule £ G A^'^ is (C, 74)-injective. 

Let C be an A-coring such that a^ is flat. An exact sequence in A4'^ is called (C, A)- 
exact if it is split exact in AiA- A functor on Ai'^ is called right (left) (C, A)-exact if it is 
right (left) exact on short (C, A)-exact sequences. For instance M is {€, A)-injective if and 
only if Home;(— , M) is (C, yl)-exact. 

Proposition 1.2.19. [IHl 26.1] 

Let <t be an A-coring. Then the following are equivalent 

(1) C is coseparable; 

(2) there is an A-bimodule map 6 : € Cg)^ ^ ^ A satisfying 

6A = e and (C ®a 5)(A 0^ C) = (5 ®^ C)(C: ®a A); (1.18) 

(3) the forgetful functor (— )a : Ai^ AiA is separable; 

(4) the forgetful functor Ai—) '■ '^Ai — > AAi is separable; 

(5) the forgetful functor a{.—)a '■ '^Ai'^ aAAa is separable; 

(6) € is {A, A) -relative semisimple as a €-bicomodule, that is any monomorphism in '^Ai^ 
that splits as an A-bimodule map also splits in '^Ai'^; 

(7) C is {A, A) -relative injective as a (t-bicomodule; 

(8) C is {A, €) -relative injective as a (t-bicomodule; 

(9) ft is {(t, A) -relative injective as a (t-bicomodule. 

In such a case, C is right and left (C, A) -semisimple, that is, all comodules in Ai'^ and '^AA. 
are {t^ A) -injective. 
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Definition 1.2.20. An A-bimodule map 6 : (t ®a (L ^ A satisfying conditions fll.l8p is 
called a cointegral in C 

Cosplit corings. A coring is called a cosplit coring if it satisfy the conditions of the 
proposition below. 

Proposition 1.2.21. Let (t be an A-coring. Then the following are equivalent 

(1) the functor — ®a '■ -Ma ■M.'^ is separable; 

(2) the functor £ ®a — '■ a-M. — > '^M. is separable; 

(3) t is a retraction in a-M-a- 

Proof. By Rafael's Proposition 11.1.531 — ®a ^ is separable if and only if there exists a 
natural transformation ^' : 1m a ~ ®a ^ such that ° i'x = for every X G A^a, 
where = X ®a e, X G M.a, is the counit of the adjunction {Ur,— ®a {Ur is 
the forgetful functor.) By Lemma [1.1.671 (or by Lemma [2.1.17p . a natural transformation 
^' : Ima ~^ ~ ®A ^ is entirely determined by the data of an A-bimodule map ^' : A ft 
such that C,x = X ®a C,' for every X G A4a- Hence the equivalence (1) -v^ (3) follows. 
(2) (3) follows by symmetry. □ 

Cosemisimple corings. Let C be an abelian category. C is called a spectral category 
if every short exact sequence in C splits, or equivalently, if every object is injective (resp. 
projective). As for modules, an object S" of C is simple if S* 7^ has exactly two object 
and S, and it is semisimple if it a sum of simple subjects. is, by definition, a semisimple 
object. A spectral category is called discrete if every object is semisimple. 

Proposition 1.2.22. [HSl Propsition 6.7] 

Let C be a Grothendieck category. Then the following are equivalent 

(1) C is a discrete spectral category; 

(2) C is a locally finitely generated spectral category; 

(3) every object of C is semisimple; 

(4) C has a family of simple generators; 

(5) C is equivalent to a product category YIi-^k^, where Ki, i E I , is a family of division 
rings. 

For more details we refer to [HSl Chap.V, §6]. 

Proposition 1.2.23. [3S1 Theorem 3.1] 

Let € be an A-coring. Then the following are equivalent 

(1) A4'^ is an abelian and a discrete spectral category; 
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(2) '^A4 is an abelian and a discrete spectral category; 

(3) € is semisimple in A4'^ and is flat; 

(4) ^ is semisimple in '^M. and is flat; 

(5) C is a semisimple right ^* -module and is projective; 

(6) € is a semisimple left *<t-module and a^ is projective. 

If the above conditions hold, we say that £ is a cosemisimple coring. 

Semiperfect corings. In H. Bass defined and studied perfect and semiperfect 
rings. In [63], L.-P. Lin introduced and studied semiperfect coalgebras over fields. In [5ll 
§3], M. Harada defined perfect and semiperfect Grothendieck categories and characterized 
them with respect to a generating set. Let C be a Grothendieck category. C is called 
perfect (resp. semiperfect) if every object of C has a projective cover (which is defined as 
for modules). 

Let C be an A-coring such that a^ is fiat. €. is called right semiperfect if Ai'^ is a 
semiperfect category. 

Proposition 1.2.24. [211 Theorem 3.1] 

Let € be an A-coring such that A is a right artinian ring and a^ is projective. Then the 
following are equivalent 

(1) € is right semiperfect; 

(2) every simple object of Ai'^ has a projective cover; 

(3) every finitely generated object of Ai^ has a finitely generated projective cover; 

(4) every simple object of M.^ has a finitely generated projective cover; 

(5) the category Ai'^ has enough projectives; 

(6) the category M'^ has a projective generator. 

For a study of semiperfect corings over QF rings, see [35] or [211 §4]. 

1.3 Cotensor product over corings 

First we recall that the cotensor product over coalgebras over fields was introduced by 
Milnor and Moore in [HE]- A detailed study of the cotensor product over corings is given 
in [IE]. 

Let M e '^'M'^ and G '^M'^" . The map 

ujm,n = Pm®aN - M ®a^n ■■ M ®aN ^ M ^a'^^aN 
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is a — C'-bico module map. 

Notice that W®a'^m,n = ^w-S)a'M,n and lum,n'^a" V = ujm,n®j^,iV for every W G Ma' 
and V G a"M. 

Definition 1.3.1. The kernel of ujm,n in a'M.A" is the cotensor product of M and A^, and 
it is denoted by MD(rN . We denote the canonical injection MDuN M ^a N by lm,n- 

Proposition 1.3.2. If ujm,n is C^,- and a"^"- pure, and the following 

l'M,N ®A" ®A" ^' ^A' ^' ®A' l'M,N and €! ®A' l'M,N ®A" ^" 

are injective maps, then MDcA^ is the kernel of ujm,n in M.'^" . 

These conditions are fulfilled if ujm,n is (£' ®a' ^')a'- and a"{^" '^a" €.")-pure, and 
^A' ^M,N is A" ^" -pure (e.g. if ^'a' and a"^' are flat). 



Proof. Follows immediately from Proposition 11.2.131 



□ 



Definition 1.3.3. Let f : M ^ M' be a morphism in '^'M.^, and g : N ^ N' a morphism 
in '^Ai'^ . There is a unique morphism fOtrg : MOq-N M'd^N' in a'-Ma" making 
commutative the diagram 







0- 



■MD^N- 



M(S)aN- 
f®Ag 



®a<^®aN 

f®AmA9 

M' ®A ®a n'. 



^ M'D^N' ^ M' ^A N' 

/□£(? is called the cotensor product of / and g. 

Proposition 1.3.4. If for every M G M."^ and N G '^M.'^ " , ujm,n is ^a'' ^'^^ a"^' -pure, 
then we have a k-linear bifunctor 



In particular, if and a"^" are flat, then the bifunctor fll.l9p is well defined. 
Proof. Follows immediately from Proposition 11.3.21 and Lemma 11.2. 12[ 



;li9) 



□ 



Lemma 1.3.5. (1) Let M e M'^ and N e '^M'^ and W G Ma'- We define iIjw,m,n ■ 
W ^A' (MDirA^) — i> {W ®A' M)nirN to be the unique morphism making commutative 
the following diagram 



W ®A' (MD^N) 

'4>W,M,N 



{W 0A' M)DeN ^ {W ®A' M)0aN- 



{W 0A' M) ®A £ ®A N. 



(Vvi/,M,Ar( Wi (g) {nij ® nfc)) = Y^i^i ^rrij)^ Uk.) Then 
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(a) ipw,M,N is natural in W , M and N. 

(h) ipw,M,N is an isomorphism if and only if ujm,n is WA'-pure. In particular this the 
case if Wa' is fiat. 

(2) We have analogous statements for W G a"M.- 

Proof. (1) (a) For example we verify that ipw,M,N is natural in A^. For this, let f : N —>■ N' 
be a morphism in '^Ai'^ , and consider the diagram 



W 0A' (MD^N') 



i>W,M,N 



^W,M,N' 



(W ^A' M)D^N' 



{W 0A' M)®aN- 



W ®A> {M ®A N) 



{W®j^iM)tSAf 




®A' (M ®A N') 



{W ®A' M) ®A N'. 



Then the claimed statement follows from Lemma Fl. 1.41 
ih) Obvious. 
(2) Analogous to (1). 

Lemma 1.3.6. Let A and T he k-algebras. Let M e M*^ and N e '^Mt- 

(1) If the functor MDg;— is right exact, then ujm,n is a pure morphism in A4t- 

(2) If M is {(t, A)-injective, then the sequence 







■ MD^N ■ 



UJM N 



is split exact in M.t- In particular it is pure in M.t- 

Analogous statements are true for M G s-^*^ (^''^d ^ ^ '^M., where S is a k-algebra. 

Proof. (1) Let X G t-M.- Then there is an exact sequence in t-M., F' ^ F X 
where F and F' are free. We obtain the commutative diagram with exact rows 



(MDeiV) ®T F' ^ {MD^N) ®t F ^ (MD^N) (^t X ■ 



M.N,F' 



M,N.X 



MD^{N (S)T F') 



MU<t{N ®T F) ^ MU^{N ®T X) 



■0 



□ 
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'^'m,n,f i'M,N,F' isomorphisms since F and F' are flat. Hence iIj'm,n,x ^^^^ 
isomorphism. The statement follows then from Lemma Fl. 3. 51 

(2) It enough to show that the canonical injections in M.Ti M\JnrN — > M ®a N and 
lm{ujM,N) M ®A N are sections. Let A : M ^a C — > M be a morphism in A^*^ such 
that \ o pm = 1m- Consider a = {X^aN) o (M ®a Xn) : M ®aN M (S)aN which is a 
morphism in A^^-. 

First we have Im(a) C M\3,iN since 

{.PM®AN)oa = {pm o X ^A N) o {M ®A Xn) 

= {X^a^(S)aN) o {M ^a^€®aN) o {M ^aXn) 

(Since A is a morphism in Al^i.e. pu o A = (A Cg>A ^) ° (M ®a Ac)) 

= (A(g)A£®AiV) o (^MOa ((Ac^A A^)A^)), 

and 

(M®AA7v)oa = {X®a^®aN) o {M ^a^^aXn) o {M ®aXn) 
= {X®a(^®aN)o (^M ®a{{^€^aN)Xn)^ 

(Since Aat is a morphism in '^A4 i.e. {€ ®a Xn) ° Xn = (Ac ®a N) o Xn)- 

On the other hand, for every x G MD,rN, a{x) = (A N) o (^p^ ^a N){x) = x. Hence 
MD^N ^ M ^aN is a section. 

Now consider the canonical diagram 

M®aN '■ ^ M ® A C ® A AT , 

TT L 

(M ®A N)/{MU^N) Im(wM,iv) 

and the map 7 = ti}Af,Ar07ro(A®AA^) : M®a^®aN Im(ti;M,Ar)- We have {X®aN)oum,n = 
^M(g)AN - «• Then vr o (A (g)A A^) o ujm,n = vr. Hence 7 o i = lim(a;„.iv)- 

The last assertion is proved by a similar method. □ 

Corollary 1.3.7. Let M G ^'A^^ and N G '^M.^' . If <t is a coseparable A-coring, then 
MDcA^ is the kernel of ujm,n in . 

Proof. Follows immediately from Propositions 11.3.21 11.2.191 and 11.3.61 □ 

Corollary 1.3.8. If (t is a coseparable A-coring, then the hifunctor (11.191) is well defined. 
In the special case when €, is the trivial A-coring, — Dc— = — ®a —■ 

Proof. Follows immediately from Propositions II. 3. 4^ 11.2.191 and ll.3.6[ □ 
Proposition 1.3.9. For every M G Ai^, the functor MDc— preserves direct limits. 
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Proof. Let / be a direct set, I be the associated category, and let {Ni,Uij) be a directed 
system in '^M. indexed by /. Let {N, Ui) be a direct limit in aM. of this direct system. It 
is clear that is a left C-comodule via the unique morphism making commutative the 
following diagram 



N 



Ajv 



€®A N. 



We have moreover Ui is a morphism in '^Ai. Let Vi : Ni ^ L, i & I,he a compatible family 
with {Ni, Uij) in '^A4. Let v : N L he the unique morphism in making commutative 
the diagram 



N 




L. 



Therefore, ((t ®a v)\NUi = ®a vUi)\Ni = ®a Vi)XNi and Xlvu-i = XlVi = {€ (^a 
Vi)XNi- Hence <^a v)XNUi = Xlvui for every i G /, and by the definition of direct limit, 
®A v)Xn = Xlv, i.e. t; is a morphism in '^M.. It follows that {N,Ui) is the direct limit 
of {N,Ui) in '^M. 

We have moreover, for every i E I, a commutative diagram in Aik with exact rows 











MD^Ni — 
MU^N — 



M ®A Ni 



■M®A N ■ 



M®A^®A N. 

The first rows of the the above diagrams define an exact sequence in Fun(I, A^fc). Since 
direct limits are exact in Aik, (MD^A^, Mn,rUi) is the direct limit of the direct system 
(MD^Ni, MD^Uij) in Mk- □ 

It is well known that the cotensor functor, for coalgebras over fields, is left exact (see 
|91j). But for corings, the cotensor functor is not left exact nor right exact in general. For a 
counterexample, see [501 Counterexample 2.5, p. 338] which is an example of a Z-coalgebra 
C such that the cotensor product Dc is not associative. We will give in the next result 
sufficient conditions to have left exactness of the cotensor functor. 

Proposition 1.3.10. Let a<^ be flat and M e'^M. Let 

f 







■N, 



No 



N. 



be an exact sequence in A4'^. Then the resulting sequence 



NiD^M 
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is exact if f ® a M and f ®a ^ ®a M are injective maps. 

In particular, the functor — : Ai'^ Ai^ is left (C, A)-exact, and it is left exact 
if aM is fiat. 

Proof. Consider the following commutative diagram with exact columns 








■Ni®aM' 



f(g)AM 



N2®aM- 



g<S)AM 



N^^aM- 



'^N2,M 



O^N,^A^^AM^^^^^N,(g>A€(g>AM^^^^^Ns®A^®AM^O. 

By assumptions, the second and the third rows are exact. From Snake Lemma ( 
Lemmas III. 3. 2, III. 3. 3]) the top row is also exact. □ 

Remark 1.3.11. As a corollary of the above result we state: Let a^ is flat and M G '^Ai. 
Let 







be an exact sequence in J\4^ which is aM- and ®a M)-pure. Then the resulting 
sequence 

^ NiOeM — E^^L^ A^aDcM — ^""^ ^ N^OeM 

is exact. 

Lemma 1.3.12. Let M e ^M"^ and V E aM. Then there is a canonical isomorphism 

Mnc{<t ®A V') ^ M ®A V. 
If moreover ujm,€®aV is (S) ®b '^)B-pure for every V G a-AI, then 

MDei^ ®A-) ^ M ®A- : aM ^^M. 
Proof. First consider the diagram 



^MDei€®A V) 



A 




A \&)A i&'A V , 



V 



M^aV 
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By the universal property of kernel, there is a unique map i/jm such that iipM = Pm ®a V- 
Moreover we have (M ®^ 0^ y){PM ®a V) = M ®^ V and 



(M ®A ®A ec ®A V){pm ®a £ ®a 

(M ®A ^ ®A ec ®A iV)(M ®A Ac F)i 

(M ®A^®A V')i 



Then t/^a,/ is bijective with inverse map (M (S>a ®a ^)'- 

Now let / : V y be a morphism in a-^- Consider the diagram 



M 




All sides, except perhaps the top one, are commutative, then the top side is also commu- 
tative. □ 

Definition 1.3.13. Let (La be flat. A comodule M e Ai'^ is called cofiat (resp. faithfully 
coflat) if the functor MDg;— : '^Ai — TVlfc is exact (resp. faithfully exact). 

Corollary 1.3.14. (1) Let M G ^M"^. Iflm{uMx) a A^-pure suhmodule of M®a^®a 
then 

MDeC ~ M 

as {D,C)-bicomodules. 
(2) Let M e M"^. If^A IS flat and M is coflat in M'^ then Ma is flat. 



Proof. (1) Follows from Pr op osit ion II . 3 . 21 Lemmas ll.3.12l [1.3.61 {€ is (€, y4)-injective), and 
Lemma 11.2.121 (2) Obvious from Lemma 11.3.121 □ 

Proposition 1.3.15. Suppose that a^ is flat and for every X G '^'Ai'^, Y G '^M.'^" and 
Z E ^ , we have ujx,y is (t'^,- and A"^"-pure and ljz,x is (t%„-pure. 
Let M G '^'M'^, N G ''^M'^" and L G M'^' . If the following hold 

(a) ujm,n is La'-, {L (^a' C')A'-pure, 

(b) ujl,m is aN-, a(^ ®a N)-pure, 
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(c) ujl^^,m,n A"^"-, ^%,,-pure, 

(d) ujL,MDiN IS A"^"-, €.%„-pure, 

then there is a canonical isomorphism of — €! -hicomodules 

LUe{MUtN) ~ {LUeM)U^N. 
Proof. Consider the following commutative diagram 

^ LU^\MU^N) ^ L ®A' {MU^N) '^^'"'"'''^ ^ L ®a' ^' <^A' {MU^N) 

I 

V " [—1 " 

^ {LDeM)D^N ^ (L ®a' M)DeN '^'^''^ (L ®a' ®A' M)DeN. 

The top row is exact from the definition of the cotensor product and the second 
one is exact from Remark 11.3.111 (see Condition (b)). Then there is a unique map ip : 
Lnir/{Mn(rN) — s> {Ln(rrM)n(rN making the above diagram commutative. From Lemma 
11.3.51 (see Condition (a)), iPl,m,n and 'ipL<s^,e,M,N' are isomorphisms. Hence ip is also an 
isomorphism. From Lemmas ll.2.12l and ll.3.5l (see Condition (c)), iI'l,m,n is an isomorphism 
of — C-bico modules. Again from Lemma Fl.2.121 (see Condition (d)), we obtain that ip 
is an isomorphism of — C-bicomodules. □ 

Proposition 1.3.16. All the assumed conditions in Proposition \1.3.TR are fulfilled if at 
least one of the following holds 

(1) A^, ^'a', a"^", ^a'", La> and aN are fiat; 

(2) A^, ^'a', a"^", are flat, N is coflat m '^M; 

(3) A^, ^A'^ A"^", ^A'" flat, L is coflat m M^' ; 

(4) A^, ^'a'> a"^" , ^"a"' are flat, N is {(t, A)-injective (e.g. if €. is coseparable), and L is 

, A')-injective (e.g. if ft' is coseparable); 

(5) If a^ is flat and C and €! are coseparable. 

Proof. Immediate from the aforementioned results. □ 

Proposition 1.3.17. Let M e '^'M'^, N e ^M'^' and L e M'^' . Then the canonical 
isomorphism of €!" — €! -bicomodules 

LUeiMU^N) ^ {LUc'M)UcN 

is natural in L, M and N provided that it is well defined. 
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Proof. For example let / : L — >^ L' be a morphism in ^ "A^"^'. Consider the diagram 

LDeiMncN) = ^ {Ln^,M)n^N 

/□£,(A/ncAa 




{L'DeM)D<cN 



L ®A' {MDcN) 



{L ®A' M)U^N 




{L' ®A' M)ncN. 



By Lemmas 11.1.41 and ll.3.5[ the top square is commutative. 



□ 



1.4 Cohom functors and coendomorphism corings 

Definition 1.4.1. A bicomodule G '^M.^ is said to be quasi-finite as a right S-comodule 
or {A, D)- quasi- finite, if the functor — ®^ : J^a M.^ has a left adjoint hj)(A^, — ) : 
A4a, and we call it the cohom functor associated to A^. 

Example 1.4.2. If D is the trivial S-coring, then a (C, -B) -bicomodule A^ is {A, i?)-quasi- 
finite if and only if aN is finitely generated and projective. The cohom functor is —®b*N : 
A^B — i> J^A, where *A^ = HomA(A^, A). In Chapter 2 we will give a generalization of this 
fact for bigraded modules. 

Remark 1.4.3. Let A^ G '^M'^. It is clear that, if is flat and A^ is (A, D)-quasi-finite, 
then aN is flat. 



Now, let A^ G '^M.^ be a (A, D)-quasi-finite comodule, and let 

$x,y : Hom^(h3(Ar, X),Y) ^ Homj,(X, Y®aN), 



:i.20) 



where Y G Ma and X G Ai^, be the natural isomorphism giving the adjunction 



N,hs{N,~)). Let : 1 



)a N be the unit of this adjunction. Then 



$x,y(/) = if^A N)ex for every / G HomA(hs(Ar, X), F). 
Let X G AA.^ . Then there is a unique A-linear map 



such that 



(hj,(Ar,X) ®A A^)ex = (Phi,(jv,x) ®A N)9x. 
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Proposition 1.4.4. We have that (hs)(A^, X), phj,(Ar,x)) is a right C-comodule, and we 
obtain a functor 

h^{N, -) : ^ M'^. 

Proof. We have 
and 

{h^{N,X) (^A Ac ®A iV)(ph^(iv,x) ®A = (hs(iV,X) ®a Ac ®yi iV)(hj,(A^, X) ®^ Aiv)^x 

= (hs,(iV,X)®A(c:®AA^)A^)^x 

= (hs,(iV, X) ®A £ ®A \N){ph^(N,X) ®A N)dx 
= {Ph3}(N,X) ®A ^n)Ox- 

Hence (phs,(Ar,x) ®A *^)phs,{N,x) = (hs(X,X) 0^ Ae;)phs(jv,x)- 
On the other hand, 

(hs(Ar, X) 0A ec A^)(Ph3,(iv,x) ®a N)ex = (hs(A^, X) ®a ec (8) a A^)(hs(A^, X) ®a A^vj^x 

Hence (hs(X,X) ®a ee)ph^iN,x) = hs(X,X). 

Now let / : X — > X' be a morphism in A4^. Now, we will verify that h^{N,f) is 
C-cohnear. First, since ^ is a natural transformation, 6x'f — (hs(A^, /) iS)a N)9x- Then 

(Phs(iV,X') ®A iV)(h2,(X, /) ®A N)ex = (Phs,(JV,X') ®A iV)^x'/ 

= (hs(7V,X')(8)AA;v)^x'/ 

= (hs(iV,X')«)AA^)(hs(7V,/)®^Ar)^^ 

= {h^{NJ)®A\N)ex. 

On the other hand, 

{h^{NJ)®At®AN){pi,^^N,x)®AN)ex = (hs(Ar,/)0^e(8)AA^)(hs(A^,X)®AAiv)^x 

= (hs(7V,/)®^A^)^x. 

Hence Phi,(Af,x')hs(iV, /) = (hs)(X, /) <i)Phs,(v,x)- □ 

Lemma 1.4.5. Let X e Y G At''^, an(i / e HomA(hs(X, X), F). T/ien / Z5 C- 

colinear if and only iflm{{f ®a N)9x) C YO^N. 

Proof. We have, 

(f®A€®AN)(pi,^^N,X)0AN)ex = (f0A€0AN)(hj)(N,f)0AXN)Ox 

= (l^«)AAAr)(/®AA^)^X. 
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Hence, 



/ is C-colinear <^=^ [py ®a N){f ®a N)6x — (/ ®a ^ ®a ^) (Phi, (Af,x) ®a 
^ (py ®A iV)(/ ®A iV)^^ = {Y (g)A XN)if ®A iV)^^ 
^ Im((/ ®^ Ar)^^) C YDcN. 



□ 



Proposition 1.4.6. Let G '^A^®. .4ssnme thatujY,N ■= Py<^aN-Y<S)a>^n is b(S)®bS))- 
j>wre /or every right ^-comodule Y (e.g., ^S) is flat or €, is coseparable). 

(1) If N is {A, D)- quasi- finite then — D^A^ : Ai'^ Ai^ has a left adjoint, which is 

(2) If —D,rN : M'^ has a left adjoint, then N is {A, D) -quasi-finite. 

Proof. (1) From Lemmas II .4.51 and II. 2. 121 the isomorphism (11 .20^ induces an isomorphism 
<!>x,Y ■■ Home;(hD(Ar,X),F) ^ Hom3(X, FDcAT). Hence (1) follows. 

(2) From LemmaOlS (- 0a ^)n^N ~ - 0^ iV : Ma ~^ M^. We know that -0a^ 
is a right adjoint to the forgetful functor U : Ai'^ -Ma- Hence — 0a N has a left adjoint 
(by Proposition 11.1.321) . □ 

Definition 1.4.7. A bicomodule A^ G ^A^® is said to be injector as a right 3D-comodule 
or {A, D)- injector if the functor — 0)a N : Ma —>■ Ai^ preserves injective objects. 

By Proposition [LLSll if A^ is flat, then C is {A, (i)-injector. 

Proposition 1.4.8. Let N G '^Ai^ be a bicomodule with a^ cind b2) are flat. Suppose 
that N is {A, D)- quasi- finite. Then the following are equivalent 

(1) N is {A .,1)) -injector; 

(2) the cohom functor h^{N, — ) : Ai^ — > Ma is exact; 

(3) the cohom functor h^{N, M^ M'^ is exact; 

(4) the functor — D^A^ : M'^ M^ preserves injective objects. 

Proof. Follows directly from Propositions 11.1.34^ 11.4.61 □ 

Now, let A^ G aM^ be (A, 2))-quasi-flnite. Set e^{N) = h^{N,N). From Subsection 
12. H ex)(A^) is an A-bimodule. From Lemma [2.1.8[ 6n is a morphism in a-M^. Consider 
the map in M^ 

N e^iN) 0A N e^{N) 0a e^{N) 0a N. 
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Then there is a unique right A-hnear map 
such that 

Let p'^ : A ^ Endx){N) and p : A ^ Ende;(es(A'")) be the maps defining the left 
A-action on N and exi(iV), respectively. 

We want to verify that Ag is left A-hnear, that is, for every a E A, the diagram in AIa 



ei,(iV) 

p{a) 

commutes. 

Let a e A. We have the commutativity of the following diagram 



p(a)®Aes (AT) 



N- 



N- 



p(a)(g)AiV 

■e^{N) ^A N. 



Then 



and 



{p{a)®Aes{N)(^AN){Ae^AN)9N = {p{a) (^a On)On 

= (es(iV) ®^ ^w)(p(a) ®^ iV)^^ 

{A,^AN){p{a)^AN)eN = (Ae®^iV)^^^p^(a) 

iV/ 



;l2i) 



= {e^{N)(^AeN)eNp'\a). 

Hence Ae is left A-linear. 

There is also a unique right 74-linear map 

ee : es{N) A 

such that 

$iV,A(ee) = (Ce N)9n ^ N. 

Now we want to verify that is left 74-linear, that is, for every a & A, the diagram in 
Ma 

e^{N) ^ ^A 

p{a) 
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commutes. 

Indeed, for every a & A, we have 

{ee^AN){p{a)^AN)9N = {e^ (E)a N)9nP^ {a) 
and (a- ®a N){ee ®a N)9n = P^{a). 

Proposition 1.4.9. Let N e aM^ be {A, D)- quasi- finite. Set e^{N) = hs{N,N). 
Then {e^{N), Ae,ee) is an A-coring, where Ag and defined above. Moreover, N is a 
{e'X){N),D)-bicomodule by 9n '■ N ^ e'X){N)(^AN , and there is an algebra anti-isomorphism 

es(7V)* = Rom A{es{N), A) ^^Ends{N) . 
Proof. First set € — ex)(A^). The coassociativity of Ag follows from 

(€0A^e®AN)(Ae®AN)9N = (€ 0A ®A N)(€ ®A On)On 

= (€®a€®a9n){(^0a9n)9n, 

and 

{Ae®AC®AN){Ae®AN)9N = iAe^A*t^AN){€®A9N)9N 

= (Ae®A^7v)^JV 

= {(E®a^(^aOn){(^®aOn)On- 

The counit property follows from 

(ee0A^^AN){Ae®AN)9N = {e^ ®a ^ ®A N){(i ®a OnWn 

= {A®A9N){ee(^AN)9N 

= {A^AeN)N 

and 

(€®Aee0AN)(Ae®AN)9N = (€0Aee0AN){€0AON)ON 

Finally, we know that 9n ■ N ^ € is a morphism in aM.^- Then, by the definitions 

of Ag and Cg, is a (£, S})-bicomodule. 

Let f,g e C*. Since 9n is left A-linear, {f ®A^®AN){t®AON) = OnU ®aN). Hence 

= {g®AN)9N{f®AN)9i, 

= $jV,a(^)^JV,a(/). 

□ 
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Now, we recall from [SH] the definition of a morphism of corings. 

Definition 1.4.10. Let €. and C be two A-corings. An A-bilinear map / : C — C is called 
a morphism of corings if the diagrams 




are commutative. 



Proposition 1.4.11. Let N E '^M^ be {A, D)- quasi- finite. Let f : es{N) ^ € be the 
unique morphism in M.^ such that 

{f®A N)eN = \N. 

Then f is a morphism of A- corings. 

Proof. First we must verify that / is left A-linear, that is, for every a G A, the diagram in 
Ma 

e^(iV) ^ 

p(a) 



ej,(iV) 



commutes, where p : A ^ End(j;(e2)(A^)) is the map defining the left A-action on e2)(A^). 
We have for every a G A, 

(/ ®A N){p{a) ®A N)eN = if ®A N)eNP^{a) (see Diagram [mD 

= XNP^{a), 

and (a— ®a N)if ®a N)9n- = {a— ^a Hence, since Aat is left A-linear, / is also left 

A-linear. 
Moreover, 

{f^Af®AN){Ae^AN)9N = if ^Af ®AN){e^{N)®AON)ON 

= if(S)AXN)eN 
= {(t'S)A >^n)>^N, 



and 



{Ac0AN){f®AN)eN = iAc0AN)X^ 



Hence, (/ ®a f)^e = A^/. 
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Finally, we have 

= AT, 

and (ee ®a N)6n = N. Hence, e^f = eg. □ 

Remark 1.4.12. By Lemma 11.4.51 the map / defined in Proposition 11.4.111 is right (t- 
cohnear. Hence, if uy,n '■= Py ®a N — Y ®a is CSs S))-pure for every right 
£-comodule Y (e.g., is fiat or (t is coseparable), then / = Xc ° hj)(A^, Aat), where 
X '■ hx){N,—D(fN) — > 1_X4€ is the counit of the adjunction (hx)(iV, — ), — DcA^). Hence, 
Proposition II. 4. m and this remark recover [Ml Proposition 5.2]. 



1.5 Induction functors, the category of entwining mod- 
ules, the category of graded modules 



1.5.1 Induction functors 

We start this subsection by recalling from and 



the following 



Definition 1.5.1. A coring homomorphism from the coring (€ : A) to the coring {D : B) 
is a pair {(p,p), where p : A ^ B is a. homomorphism of /c-algebras and ip : (t —>■ D is a. 
homomorphism of A-bimodules such that the diagrams 



are commutative, where cuj) x) '■ 
p : A ^ B. Equivalently, the map 





D S) cg)^ 2) is the canonical map induced by 



^' : B (^a^(^aB ■ 



B ®A^ ®aB ■ 



B ®B B ■ 



{if'{b ^A c ^A b') = bif{c)b') is a morphism of i?-corings, where u is the canonical map and 
B ^A ^ ®A B is the base ring extension of C (See Example 11.2.21 (3)). 

Example 1.5.2. Let p : A ^ B he a morphism of /c-algebras and € an A-coring. Consider 
the map if : (L ^ B®a^®aB, c ^ Ib®c®Ib- Then (v9,p) : (C : A) {B®a^®aB : B) 
is a morphism of corings. 
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Let p) : (€ : A) (D : B) be a coring morphism. Now we introduce the induction 
functor 

-®aB: M^^M^. 

It assigns to a comodule M G A^'^, M ®a B which is a right S}-comodule by the coaction 



where puijn) = X]"^(o) ®a ^(i), and assigns to a morphism / in A^*^, the map / (g)^ B. 
Analogously the induction functor B ®a — '■ '^M. ^Ai is defined. 

Definition 1.5.3. We say that {if,p) is a pure morphism of corings p!8l 24.8], if uJY,B(SA't 
is ®A C)-pure for every right 2)-comodule Y, where the left 2)-coaction on the B — (t- 
bicomodule B ®a ^ is given by: 

Xb^aC : 5 ®a £ ^ D ®b 5 ®a ~ D ®a C:, b^AC^Yl ^'/'(^{i)) ®A C(2), 
with Aa;(c) = Yl ®a C(2). 

Let {(p, p) : {€. : A) {D : B) be a pure morphism of corings. We also define the 
coinduction functor 

-D^{B 0A ^):M^^ M'^. 
The following result is given in Proposition 5.4] or p[Hl 24.11], but there is a missing 
condition, in both results, that guaranties that the coinduction functor is well defined. 

Proposition 1.5.4. If{ip,p) is a pure morphism of corings, then we have an adjoint pair 
of functors 

{-®AB,-n^{B ®A 

From the proof of JTE\, 24.11], the counit of the adjunction (— ®a B, — D^{B ®a ^)) is 
given by 

ijjN : {Nn^{B (g)A £)) (g)AB^ N, ®A ^Ab^Yl n^Pi^dc^))b 

i i 

{N G Ai^). We obtain a commutative diagram 

{Dn^{B^A^))^AB ^ -2) (1.22) 



B^a^®aB 



where ip' is the map defined in Definition 11.5.11 
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Proposition 1.5.5. [IHl 23.9] 

Let p : A ^ B be a morphism of k-algebras and € an A-coring such that is flat. The 
coendomorphism coring of the {B, €)- quasi- finite comodule B ®a ^ is isomorphic as coring 
to the B-coring B ®a ^ ®a B. 

Proof. Let ip : (t ^ B ^ ®A B be the map defined by ip{c) = 1b <Si c ^ Ib- By 
Example 1.5.2, {ip,p) : : A) ^ {B ®a ^ B : B) is a. morphism of coring. In this 
case ip' is the identity map. From the commutativity of the diagram fll.22p . 'iPb®a'^®aB 
is an isomorphism. Hence, by Remark ll.4.12[ there is an isomorphism of corings / : 



1.5.2 The category of entwined modules 

Entwining structures were introduced in [17J with the aim of preserving in noncommutative 
geometry symmetry properties of principal bundles. Entwined modules over entwining 
structures were introduced in [12] as a generalization of Doi-Koppinen Hopf modules and, 
in particular, graded modules by G-sets, Hopf modules and Yetter-Drinfeld modules. 

Concerning the subject of this subsection and for the rest of this work, we adopt the 
notations of [23j. 



We recall from [l8j that a right-right entwining structure over A; is a triple (A, C, V'), 
where A is a fc-algebra, C is a fc-coalgebra, and : C ® A ^ A®C is a. fc-linear map, such 
that 

(ESI) ipo{\(j(^m) = (m® Ic) o (1^ 0-?/;) o (■?/; 1^), or equivalently, for all a,b & A, c & C , 
J2{ab)^®c^ = ^a^b^^c^'^, 

(ES2) (U ® A) o ^ = (g) Ic) o {Ic (g) V^) o (A (g) 1^), or equivalently, for all a G A, c G C, 
(g) A(c^) = ^ a^^i, (g cf^-^ (g c'f^)^ 

(ES3) ip o (1(^ (g r^) = r/ (g Ic, or equivalently, for all c G C, X](l^)v' ® = 1a ® c, 

(ES4) {1a (g e) o ■?/) = e (g 1a, or equivalently, for all a G A, c G C, ^ a^e(c^) = ae(c). 

where m and t] are respectively the multiplication and the unit maps of A, and ip{c®a) = 
^ (g c'^ = ^ a<ir (g c* . (Sometimes the symbol ^ will be omitted.) 

We say that A and C are entwined by ip while i(j is called the entwining map. 

The conditions (ESI) to (ES4) mean that the following diagram is commutative 



ee{B (^A*^) ^ B (^A^ ®a B. 



□ 



83 



C(S)A(S)A 



C(g)C®A 



A^C ^A (ESI) 










^A 






(ESS) 


^ (ES4) 







(ES2) C® A®C 



A®C 



A® A®C 





A®C®C. 




A morphism {A, C, ip) {A' , C, ip') is a pair (a, 7) with a : A —>■ A' is a. morphism of 
algebras, and 7 : C — > C" is a morphism of coalgebras such that the following diagram is 
commutative 



4, 



^A®C 
■A'®C' 



C®A- 

7Cg)a 

C'®A'' 

or equivalently, for a\\ a E A, c E C, 

^«(a^) ® 7(0^^) = 5^a(a)^, ®7(c)'^'. 

We denote this category by lE'(fc). 

We can also define (r and r' are the twist maps) 

• Left-right entwining structures over k: triples {A,C,tp), where ip : A® C 
such that {A°, C,ip o t) G E'(fc). We denote this category by ,'E'{k). 

• Right-left entwining structures over k: triples {A,C,ip), where ip : C ® A 
such that {A, C°,t oip) e E*(fc). We denote this category by 'E,{k). 



A®C 



C®A 



Left-left entwining structures over k: triples {A,C,ip), where ip : A ® C 
such that {A°,C°,t' o ^p o t) e El{k). We denote this category by lE{k). 



C®A 

Proposition 1.5.6. The categories Kl{k), ,K*{k), *K,{k), and *]E(fc) are isomorphic. 



Again we recall from [TH], that a right-right entwined modules over a right-right en- 
twining structure [A, C, ip) is a /c-module M which is a right A-module with multiplication 
ipM, and a right C-co module with co multiplication pM such that the following diagram is 



84 



commutative 

M 



tpM 




M — > M C, 

or equivalently, for all m e M and a & A, 

pM{ma) = ^m(o)a^ m^^^. 

A morphism between entwined modules is a morphism of right A-modules and right 
C-comodules at the same time. We denote this category by Ai{ip)A- 

The following result shows that entwining structures and entwined modules are very 
related to corings and comodules over corings respectively. 

Theorem 1.5.7. [Takeuchi] 

(a) Let A be an algebra, C be a k-coalgebm, and let ip : C ^ A ^ A(E) C be a k-linear map. 
Obviously A^C has a structure of left A-module by b{a c) =ha®c for a,b & A and 
c & C. Define the right A-module action on A(^ C, 

rA^^:A^C^A^A^A^C^A^C, 
that is, {a ^ c)b = aip{c ^ b) for a,b & A and c & C. Define also 

A: A^C^^A^C^C c^{A^C) (A^C) 

(for every a e A, c e C, A(a (g) c) = '^{a ^ C(i)) 0a (Ia ® C(2)), where Ac(c) = 
^C(i) (g) C(2); and 

e : A (^C ^^A<0 k~ A 

(e(a ® c) = aec(c) ). Thus, {A (g C, A, e) is an A-coring if and only if {A, C, ip) is a 
right-right entwining structure. 

(b) Let (A, C, ■(/') be a right-right entwining structure, M be a right A-module with the 
action ipl^ : M (g) ^4 — > M, and let pu : M ^ M ® C be a k-linear map. Define 

p'm : M M®C c^M®a{A®C) 

(for every m G M, p^i^^) = Z]"^(o) ®a (1a ® "^(i)), where pAf(m) = X]"^(o) ® "iT^ii))- 
Then, {M,p'j^) is a right A ® C-comodule if and only if {M pm) is a right-right 
entwined module over {A,C,ip). Hence, there is an isomorphism of categories 



<S)C <S)A 




M <0A<0C 
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Proof. (Sketch) (a) It is easy to verify that 

• For all a,be A,ceC, {10 c){ab) = ((1 ® c)a)b (ESI). 

• For all c e C, (1 ® c)l = 1 c <^ (ES3). 

• For all a e ^, c e C, A((l ® c)a) = A(l ® c)a <S=^ (ES2). 

• For allae A,ce C, e((l O c)a) = e(l (g) c)a (ES4). 

Moreover, the coassociativity of A and the counit property of e follow from that of Ac and 
€c- Hence (a) follows. 

(b) It is easy to verify that 

• p'f^ is 74-linear if and only if for all m e M and a & A, pM{ma) — ^ m(^o)a^ (8) m^^-j. 

• p'f^ is coassociative if and only if pM is coassociative. 

• The counit property of e holds if and only if that of ec holds. Hence (b) follows. 

□ 

The last theorem has a left-handed version: 

Theorem 1.5.8. (a) Let A be an algebra, C be a k-coalgebra, and let : A®C — > C®A be 
a k-linear map. Obviously C <^A has a structure of right A-module by {c<0a)b — c®ah 
for a,b & A and c & C. Define the left A-module action on C iS> A, 

iP'c^A : A®C®A^C®A®A^C®A, 
that is, b{c a) = ip{b (8) c)a for a,b & A and c & C. Define also 

A:C®A C^C^Ac^{C^A)^AiC^A) 

(for every a G A,ce C, A(c ® a) = ^(c(i) ® 1^) ®a (c(2) ® a), where Ac(c) = 
® C(2), and 

e:C®A -^^-^ A; (g) A ~ A 

(e(c ® a) = ec{c)a). Thus, {C ® A, A, e) is an A-coring if and only if (A, C, ip) is a 
left-left entwining structure. 

(b) Let (yl,C, '^) be a left-left entwining structure, M be a left A-module with the action 
ip'-j^ : A (8) M — > M, and let Am : M ^ C ® M be a k-linear map. Define 

X'm : M C®M ^{C®A)®aM 

(for every m e M, X'M{m) = ®a 1a) ^"^(o), where puim) = X) "^(-i) ®"^(o) 

Then, (M, A'^) is a left C®A-comodule if and only if{M, ij/j^^, Am) is a left-left entwined 
module over (^4,(7, (^). Hence, there is an isomorphism of categories 
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Let {A,C,ip) e IE*(A;) be a right-right entwining structure and {B,D,ip) G ^E(/c) a 
left-left entwining structure. A two-sided entwined module [231 PP- 68-69] is a fc-module 
M that have a structure of a left-left (5, v9)-module and a right-right (A, C, ?/')-module 
such that the following extra conditions hold: 

(1) M is a (5, A)-bimodule; 

(2) M is a {D, C)-bicomodule; 

(3) the right A-action is left D-colinear, that is, 

XM{fna) = (8> iTL(^Qja, for all m G M, a G A; 

(4) the left i?-action is right C-colinear, that is, 

PMibrn) = 6m(o) (8> "^(1), for all m G M, 6 G B. 

We denote the category of two-sided entwined modules by ^J^{ip,ilj)'^. 

1.5.3 The category of graded modules 

For the rest of this work we adopt the notations of [73] and [8T] . 

In this subsection G stand for a group, and A for a G-graded /c-algebra (i.e. A = 
©geG^S' where Ag, g E G, are fc-submodules of A such that AgA^j C Ag^^ for all g,<J E G). 
We denote the unit of G by e and the unit of A by 1. 

Let X be a right G-set (i.e. there is a map X x G X, {x,g) ^ xg such that 
{xg)a = x{ga) and xe = x for all x G X,g,a G G). Of course, X is a left G-set via 
g.x = xg~~^ for all g E G,x E X. 

We consider the category of X-graded right A-modules gr — {A,X,G). This category 
is introduced and studied in [73] . 

A right y4-module M is called a X-graded right A-module if M = 0^^^ "where M^,, 
X G X, is fc-submodules of M such that M^Ag C Ma;g for aX\ g E G,x E X. 

Let M and X be two X-graded right A-modules. A morphism of right A-modules 
/ : M — i> X is called a morphism of X-graded right A-modules if f{M^) C X^ for all 
X E X. Notice that Homgr-(A,x,G)(^; is a A;-submodule of Homyi(M, X). 

Since is a fc-category, X-graded right A-modules and their morphisms define the 
/u-cate gory of X-graded right A-modules. We denote it by gr - {A, X, G). 

Analogously, if X be a left G-set, then we define the fc-category of X-graded left A- 
modules, and we denote it by (G, X, A) — gr. For every M E (G, X, A) — gr, we denote 
the x-th component of M by ^M, for all x G X. 

If X = G with the obvious action, then gr — {A, G, G) is the category of graded right 
A-modules, and it is denoted by gr — A. If X is a singleton, then gr — {A, X, G) = AiA- 

Let M E gr — A (M E A — gr and X be a left G-set) and x E X. The x-th suspension 
of M is, by definition, the X-graded right (left) A-module M(x) ((x)M) that is equal to 



87 



M as right (left) A-module endowed with the grading M{x)y = 0{Mg \ g & G,xg = y} 
{yix)M = 0{,M \gEG,gx = y}),yEX. 

By [THl Theorem 2.8], gr — {A,X,G) is a Grothendieck category with {A{x) \ x G X} 
as a family of projective generators. We can derive that gr — {A, X, G) is a Grothendieck 
category from the isomorphism of categories (11.321) and Theorem 11.5.71 (2). 

Now, let G and G' be two groups, X a right G-set, X' a right G'-set, A a G-graded 
algebra, and A' a G'-graded algebra. 

Definition 1.5.9. Let M e gr-{A, X, G) and N E (G, X, A)-gr. M®aN is defined as the 
fc-submodule of M ®a X generated by the elements m®n where x E X^m E M^, n E xX. 

Definition 1.5.10. Let Z he a (G, G')-set (i.e. Z a right G-set and a right G'-set such 
that {g.z)g' = g-{zg') for all g E G,g' E G',z E Z). An (A, A')-bimodule M is called a 
Z -graded (A, A')-himodule if it has a Z-grading M = 0^6^ such that AgM^A'^, C Mg^gi 
for all g E G,g' E G',z E Z. 

Obviously, X x X' is a (G, G')-set via 

g.{x,x')g' = ig.x,x'g'), g EG,g' eG',x E X,x' E X' . 
Let P = ®(^xx')gxxX'^{^,^') be an X X X'-graded (A, A')-bimodule. Set 

xP=^Pix,x') and P..' = 0P(.y) 

for every x E X,x' E X'. 

We have that, for every x E X, ^P is a submodule of P^/ and xP ^ fi'^^ (^'i -^'i G') with 
the X'-grading (^P)^/ = Pf^^y), x' E X' . Furthermore, P = 0^,^^^, Px' ^ gr - {A', X', G'), 
and P is the coproduct of the family {^.P, x G X} in gr — (A', X', G'). 

Analogously, for every x' E X', P^;/ G (G, X, A) — (/r with the X-grading x{,Px') = P{x,x'), 
X E X , P = ^xgx xP £ (G, X, A) — (^r, and P is the coproduct of the family {Px'.x' E X'} 
in {G,X,A)-gr. 

Now we will introduce two functors associated to P. 

(1) The functor -®aP ■ gr - (A, X, G) ^ gr - {A', X', G'). 

Let M E gr - (A,X,G). M^aP is a submodule of (M 0^ P)^'. Then M®^P G 
(^r — (y4', X', G') with the X'-grading 

{M^aP)x' = M®aPx', x' E X'. 
For a morphism f : M ^ N in gr — (A, X, G), we define f®AP '■ m® p ^ f{m) ® P- 
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(2) The functor E{Pa', -) ■ gr - {A', X' , G') ^ gr - {A, X, G). 

Let M e gr - {A,X',G'). We have that HomA'(P,M') is a right A-module via 
{f(^){p) = f{C'P)y f £ Hom^/(P, M'), a G A,p G P. Consider the A-submodule of 
Hom^/ (P,M') 

H(Pa',M') = {g E Romgr.^A',x',G'){P,M') \ f{^P) = for almost all x G X}. 

H(Pa'5 M') can be viewed as a X-graded right A-module via the grading 

(H(P^,,M')). = {ge }lomgr-iA',x',G'){P,M') I fiyP) = for all y G X-{x}}, x e X. 

Let / : M' ^ iV' be a morphism in gr - {A',X',G'). Y{{Pa'J) ■ H(P^/,M') ^ 
H(P^,, N') is defined by H(P^,, /)((^) = f o cp, ^ e H(P^,, M'). 

Proposition 1.5.11. [651 Proposition 1.2] 

For every X x X' -graded [A, A')-bimodule P, we have an adjunction 

The unit and the counit of this adjunction are given respectively by 

r]M:M^R{PA',M0AP), 
r]Mim){p) = Y^xex ®a xP (rn = Y^xex m^E M,p = Y.xex xP ^ P), and 

£jv:H(P^,,iV)§^P-^iV, 

BNif ®A P) = f{p) if e r{Pa',n),,p g xP,x g X). 

Now, set, for a G A, = a— : A ^ A. We have, for every a G Ag, x G X, Aq : A{x) — >■ 
A{g.x) is a morphism in gr — {A, X, G). 

Definition 1.5.12. Let F : gr — {A,X,G) gr — {A',X',G') be a (covariant) functor. 
The X X X' -graded {A, A')-bimodule associated to F is the X'-graded right A'-module 
P = 0^gx -^(^(^)) endowed with the following left A-module structure 

ap= (P(AJ)(p), geG,ae Ag,p e F{A{x)), 

and the X x X'-grading 

P(^,^.) = F{A{x))x', X G X,x' G X'. 
We will denote the X x X-graded {A, yl)-bimodule associated to the identity functor 

^gr-{A,X,G) by A. 

For more details we refer to [65] and [81] . 

Now, we will recall the definition and some well known results of bialgebras. 
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Proposition 1.5.13. Let H be a k-algebra with the multiplication map ttlh and the unit 
map rjH, and a k-coalgebra. The following are equivalent 



(1) rriH and r]H are morphisms of coalgebras; 



(2) Ah and en are morphisms of algebras; 



(3) for all g,he H, 



A{gh) 
A(1h) 



Ik- 



(1.23) 
(1.24) 
(1.25) 
(1.26) 



In this case, we say that H is a bialgebra. A map between bialgebras over the same ring k 
is called a morphism of bialgebras if it is both a morphism of algebras and a morphism of 
coalgebras. 

Proof. It is a direct consequence from the following remarks 

rriH is a morphism of coalgebras if and only if fll.23p and fl 1.241) hold, 
rjH is a morphism of coalgebras if and only if f ll.25p and f ll.26p hold, 
Ah is a morphism of algebras if and only if f ll.23p and f ll.25p hold, 

is a morphism of algebras if and only if fll.24p and fll.26p hold. □ 

Definition 1.5.14. Let if be a bialgebra. We say that if is a Hopf algebra if 1^ is 
invertible in the convolution algebra Hom^ (ii, H) (the multiplication is defined hjf*g = 
mnif ® g)^H for all g,h E B.omk{H, H), and tjh^h as the unit map), that is, there is 
S G Homfe (ii, H) such that 



S is called the antipode of H. 

Let H and K be two Hopf algebras and f : H K he a morphism of bialgebras. It is 
very-known that / preserves the antipode, i.e. 



In this case, we say that / is a morphism of Hopf algebras. 

Example 1.5.15. Let G be a group. Then kG is a fc-algebra and a fc-coalgebra (see 



Example IL2.2I (4)). Moreover kG is a Hopf algebra with the antipode S{g) = g ^ for all 
geG. 



5'(/i(i))/i(2) = h(^i)S{h(^2)) = VHienih)), for all h e H. 



(1.27) 



Sxf — fSn- 
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To differentiate the opposite algebra from that of coalgebra, we will denote the opposite 
coalgebra of a /c-coalgebra C by C'^° . 

If is a bialgebra, H° , if™ and H°^° are also bialgebras. If H has an antipode 5, then 
5* is also an antipode of H°'^° . Then, if H° has an antipode 5, that is, 5* satisfies 

/^(2)^(/i(i)) = :S(/i(2))/i(i) = VH{^H{h)), for all h^H, (1.28) 

then S is also an antipode of H'^° . S is called a twisted antipode. 

Proposition 1.5.16. [231 Proposition 2] 

Let H he a Hopf algebra. Then S : H —>■ H°'^° is a morphism of bialgebras. If S is bijective, 
then is a twisted antipode. If H is commutative or cocommutative, then S"^ = 1h- In 
particular, S = S. 

Lemma 1.5.17. Let H be a bialgebra and M and N two right H-modules. Then M ® N 
is also a right H -module via 

{m ® n)h = mh{i) ® nh(2) 



for allm e M,n e N,h e H. 

Proof Let ipM ■■ M ® H ^ M and ipN ■■ N ® H 
respectively. Consider the /c-linear map 



be the right if-actions on M and A^, 



— > M ®N ®H ®H M ®H ®N ®H ^^^^"^ ^ M®N. 

Set {m ® n)h = il}{m ® n ® h) = m/i(i) ® nh(^2) for all rn G M, n & N, h ^ H. 

Now, let m e M,n e N,g,h e H. By ffT^ . (m (g) n){gh) = ((m (g) n)g)h. Finally, by 
(IL25]), (m (g) n)lH = m (g) n. □ 

Definition 1.5.18. Let if be a bialgebra. A fc- module C which is a fc-coalgebra and a 
right ii-module is called a right H-module coalgebra if the comultiplication and the counit 
maps are right if-linear, that is, 

Ac(c/i) = C(i)/i(i) (g> C(2)/i(2) and ec{ch) = ec{c)eH{h) (1.29) 

for all /i e ii, c e C. 

Analogously, we define left module coalgebras. Moreover, if C is a right if-module 
coalgebra, then C™ is a left if°™-module coalgebra. 

Example 1.5.19. Let G be a group and X a right G-set. Then the A;-coalgebra kX 
is a right /cG-module coalgebra. Indeed, kX kG is a free /c-module with the basis 
{x®g\xEX,gE G}. Define iIjux '■ kX ® kG kX such that ipkx{,x ® g) = xg for all 
X & X, g ^ G. It is obvious that {kX,ipkx) is a right fcG-module. From Example 11.2.21 (4). 
kX is also a fc-coalgebra. It is easy to verify that kX is a right A;G-module coalgebra. 



91 



Let A be a fc-algebra and X a nonempty set. Let G = {e} be the trivial group. Then A is 
trivially a G-graded algebra and X is trivially a right G-set. Moreover, M ^ gr — {A, X, G) 
if and only if M is a right A-module and M = @^^x with each is an A-submodule 
of M. In the following example we will consider the particular case where G = {e} and 
A = k. 

Example 1.5.20. Let C = kX be a grouplike coalgebra with X is a nonempty set. Let 
M be a X-graded /c-module, that is, M = 0^^^ such that each is a /c-submodule 
of M. Then M is a right G-comodule via 

phiijn) = m® X 

for all X e X, m e M^. If M e , then M is an X-graded fc-module via the grading 

= {m E M I Pm(^) = m0 x}, x E X. 

This defines an isomorphism from A^*" to the category of X-graded /c-modules gr — 
(fc,X,{e}). 

Lemma 1.5.21. Let H be a bialgebra and M and N are right H-comodules. Then M ®N 
is also a right H-comodule via 

PMmim O n) = m(o) n^o) ® "^(i)^(i) 

for all m E M, n E N . 

Proof. Let p^/ '■ M ^ M ® H and '■ N N ® H he the right if-coactions on M and 
X, respectively, and rj the multiplication map of H. Consider the /c-linear map 

p: M®N ^^'^^"^ > M ® H ® N ® H M®N ®H®H ^^^^"^ . M®N®H. 

Then p{m ®n)= m(o) ® n(o) ® m(i)?7,(i) for all m G M, n G X. 
Finally, for all m G M, n E N, 

{M ® N ® A)p{m ® n) = m(o) ® n(o) ® A(m(i)n(i)) 

= m(o) ® T2(o) ® m(i)(i)n(i)(i) (g) m(i)(2)n(i)(2) (by (|1.23p) 

= "^(0){0) ® '^(0){0) ® "^(0){1)^(0)(1) ® "^(^'^{i) 

= {p ® H) p{m ® n) , 



and 



{M ® N ® e)p{m ® n) = m(o) Ti(o)e("^(i)^(i)) 

= m(o) ® n(o)e(m(i))e(r2(i)) (by (|1.24|)) 
= m® n. 



□ 



92 



Definition 1.5.22. Let H he a bialgebra. Since the map tjh '■ k H is a morphism of 

coalgebras, then k is a right if-comodule with the coaction k ~ > k ^ k ^ k® H . 

A fc-module A which is a fc-algebra and a right if-comodule is called a right H-comodule 
algebra if the multiplication and the unit maps are right if-colinear, that is, 

PA{ah) = a(o)6(o) ® a(i)&(i) and Pa(U) = U ® 1// (1-30) 

for all a,b & A. 

Analogously, we define left comodule algebras. Moreover, if A is a right if-comodule 
algebra, then A° is a left if°'^°-comodule algebra. 

Example 1.5.23. Let G be a group, and H = kG the associated Hopf algebra. To give a 
/cG-comodule algebra is the same as to give a G-graded /c-algebra. 

A right-right Doi-Koppinen structure or simply DK structure over k [23] is a triple 
(if, A, C), where if is a bialgebra, A is a right if-comodule algebra, and C is a right 
if-module coalgebra. A morphism of DK structures is a triple (^, a,7) : {H,A,C) 
{H', A', C), where h : H H', a : A ^ A', and 7 : C ^ C" are respectively a bialgebra 
morphism, an algebra morphism, and a coalgebra morphism such that 

pA'ia{a)) = a(a(o)) ® ^(a(i)) 

and 

^{ch) = ^{c)h{h), 

for all a G A, c G C, /i G if. This yields a category which we denote by D]K*(A;). 

Proposition 1.5.24. (see [231 Proposition 17]) 
We have a faithful functor 

G : BKlik) ^El{k) 

defined by G{{H, A, C)) = {A, G, ip) with ip : G®A A(S)G such that ip{c®a) = a(o)®ca(i), 
and G{{h, a, 7)) = (a, 7). 

The category of right Doi-Koppinen- Hopf modules over the right-right DK structure 
(ii. A, G) is exactly the category of J^{ip)'^, and it is denoted by Ai{H)'^. 

If H has a twisted antipode S (see Subsection II. 5. 31) . then ip is bijective and {A, G, G 
lE{k). In this case, '^J\4{ip~^) will denoted by ^J^{H). The objects of this category are 
left A-modules and left C-comodules such that 

pc{am) = m(_i)S'(a(i)) (g) a(o)m(o). (1.31) 

Analogous considerations are true for left-right, right-left, and left-left Doi-Koppinen 
structures. 
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Let G be a group, X a right G-set, and A a G-graded fc-algebra. We know that 
{kG, A, kX) is a DK structure with kG a Hopf algebra. Then, {A, kX, ip) is an entwining 
structure where il) : kX ® A A® kX is the map defined by il){x ® ag) = ag® xg for all 
X & X,g & G,ag & Ag. Moreover, we have 

gr-{A,X,G)^M{kGf^. (1.32) 

From Theorem 11.5.71 we have an A-coring, A ® kX. The comultiplication and the counit 
maps of the coring A ® kX are defined by: 

Is.AmxiO'® x) = {a® x) ®a{^a® x), eAmx{a® x) = a [a^A^xeX). (1.33) 

We will verify in Section 12.51 that this coring is coseparable. 
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Chapter 2 



Adjoint and Frobenius Pairs of 
Functors for Corings 

2.1 Frobenius functors between categories of comod- 
ules 

Let T be a fc-algebra and M G tM.a- Let p : T EndA(M) be the morphism of fc-algebras 
given by the left T-module structure of the bimodule tMa- Now, suppose moreover that 
M e M^. Then Ende;(M) is a subalgebra of End^lM). We have that piT) C Ende(M) if 
and only if pm is T-linear. Indeed, let m G M and t E T, and let Pm{^) = Yl "^(o) ® ""^(i)- 
We have, {p{t)®A^)PM{m) = ^tm(o)®m(i) = tpA/(m), and pAfP(^)('"^) = PMitm). Hence 
the left T-module structure of a T — C-bicomodule M can be described as a morphism of 
fc-algebras p : T ^ Ende;(M), that is, as a left T-object structure on M G A^'^ (see Section 
II. ip . Moreover, the category ^Ai'^ is noting else than the category of left T-objects in A^^, 

Given a fc-linear functor F : M'^ and M G r-M'^- We know that F{M) G tM^ 

via {F{M), {F{p{t)) \ t G T}). We have then two fc-linear bifunctors 

- ®T F{-), F(- -) : A^t X tM'^ M^. 

Let Trp^M be the unique isomorphism of 2)-comodules making the following diagram com- 
mutative 

T®tF{M) '^-^ ^F{T®tM) (2.1) 




F(M) 



for every M G tAI^- It is easy to verify that Tt,m is natural in T . 
Theorem 2.1.1. [Mitchell] ([791 Theorem 3.6.5]) 

Let C he an abelian category satisfying AB 5) and C he a full subcategory whose objects 
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form a set of projective generators of C. Let T, S : C ^ D be additive covariant functors 
where D is an abelian category which has direct sums. Suppose that T preserves inductive 
limits. Let T' and S' he the restrictions of T and S to C , respectively. Then, every 
natural transformation rj : T' —>■ S' can be uniquely extended to a natural transformation 
rj:T^S. 

Corollary 2.1.2. [Mitchell] ([791 Corollary 3.6.6]) 

In the set up of Theorem \ 2.1.11 if S preserves inductive limits and rj is a natural equivalence, 
then so is rj. 

Remark 2.1.3. Theorem 12.1.11 holds also if we only suppose that the target category D 
is preadditive and has direct sums, or if the category D is preadditive and the functor S 
preserves direct sums. Note also that Corollary 12.1.21 also holds if we suppose only that 
the category D is preadditive. 

Now we give an interesting example of a preadditive category which is not abelian and 
has direct sums. A filtration on an abelian group M is a family is an increasing sequence 
{Mn)n& of abelian subgroup of M such that M = Unez"^" ~ abelian group is 

called a filtered abelian group if it is endowed with a filtration. Let M and N be filtered 
abelian groups. A morphism of abelian groups / : M — is a morphism of filtered abelian 
groups if f{Mn) C A^„ for every n G Z. Filtered abelian groups with their morphisms form 
a category. We denote it by FAb. We check easily that FAb is an additive category. 
Moreover, this category has kernels, cokernels, product sums, and direct sums, but it does 
not abehan. For the details, see (EH 3.1.1]. 

Now, by Remark 12.1.31 there exists a unique natural transformation 

T_,M : - ®T F{M) F{- 0T M) 

extending the natural transformation Tt.m- (The natural transformation T_^Af exists even 
if the category Ai^ is not abelian.) 

Remark 2.1.4. Let C and D be fc-categories having direct sums and cokernels, F : C ^ D 
a /c-linear functor, and T a /c-algebra. We have two fc-linear bifunctors 

- (g)T F(-), F{- (g)T -) : Mt X tC ^ D. 

Let M = {M,p) G tC. By the definition of tensor product (see Proposition II. 1.6"8l and its 
proof), T (g)T F{M) = F{M) and T®tM = M. Define 

TT,Af = 1f(m) : T ®T F{M) F{T ®t M). 

That Tt.m is natural in T follows from the fact that for a morphism / : T — >■ T in 
■Mt, f ®T M = p(/(l)) : M M. By Remark 12.1.31 there exists a unique natural 
transformation 

T_,M : - ®T F{M) F{- ®tM) ■.Mt^'D 
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extending the natural transformation Tt,m- 

Let g : M ^ M' be a morphism in j-C. Consider the two natural transformations 

F(- (E)T g)r_^M, T-,m(- ®t F{g)) : - 0^ F(M) ^ F(- (E)t M'). 

Since T (^j- g = g, F(T g)'^T,M = T"t,m(7' ®t F{g)). Then, by Remark I2.1.3[ these 
natural transformations coincide. Hence Tt,m is natural in M. Again, by Remark 12.1.31 if 
moreover F preserves inductive limits, then T is a natural equivalence of bifunctors. Now 
we give two interesting applications: 

(i) Take C = M.t and M = T and assume that F : A4t — > D is fc-linear and preserves 
inductive limits. Then we obtain a natural equivalence 

F ^ F(- ®r T) ~ - 0T F{T). 

This result generalizes [691 Exercise 5, p. 157] which generalizes a result due inde- 
pendently to Watts ^93] and Eilenberg [31] . 

(ii) Take C = Mr with R a fc-algebra, F = - ®r N : Mr ^ T> with e rD and let 
X G A^T and M G tMr. Then we obtain a natural equivalence of bifunctors: 

Tx,M : X (g)T (M AT) ^ (X ®t M) ®r N. 

Using Remark 12.1.31 this isomorphism is also natural in N . This result generalizes 
[Oa Exercise 4, p. 157]. 

The following lemma is a generalization of [3, Folgerung III. 4. 3]. 

Lemma 2.1.5. (i) If F preserves direct sums then T x,m is an isomorphism for every 
projective right T -module X . 

(ii) If F preserves direct limits then Tx,m is an isomorphism for every flat right T -module 
X. 

(Hi) If F preserves inductive limits then T x,m is an isomorphism for every right T -module 
X. 

Proof. Set r] = T_^m, S = - (g)T F{M), and T = F{- (g)T M). First observe that S 
preserves inductive limits. 

(i) Let {Xi)i(zi be a family of right T-modules. It is clear that rj^^^jXi = ®ieiVXi- Then 
V®i^iXi is an isomorphism if and only if (BifzjrjXi is so for every i & I. Hence (i) follows 
since a projective right module is a direct summand of a free module. 

(ii) Let X be a flat right T-module. By hazard's structural theorem [U^ Theoreme 
1.2], every flat module is a direct limit of finitely generated free modules. Then X = limXj 

I 

for a directed set / and a direct system of finitely generated free modules {Xi,Uij). Then, 
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S{X) = \imS{Xi) and T{X) = limT(Xi). Hence, r]x, : S{Xi) T{Xi), z G /, is a 

I I 
morphism from {S{Xi), S{uij)) to (T{Xi),T{uij)), and limr^Xi = Vx- Finally, from (i), rjx 

I 

is an isomorphism. 

(iii) Let X be a right T-module. Consider a free presentation in A4t of X 

TiJ) _^ ^{1) _^ X 0, 

where / and J are sets. This yields the commutative diagram with exact rows {F is right 
exact) 

T^^^ ®T F{M) ^ T(^) ®t F{M) ^ X ®T F{M) ^ 



Vx 



F{T^-^^ ®T M) ^ F(r(^) ®T M) ^ F{X ®T M) ^ 0. 

From (i), rjrp(i) and rjrp{j) are isomorphisms. Hence so is r^x- □ 
Clearly we have 

Proposition 2.1.6. T is a natural transformation of bifunctors. Moreover, Tx,- is a 
natural isomorphism for all projective right T-module X . If F preserves direct limits, then 
Tx- is a natural isomorphism for all fiat right T-module X . If F preserves inductive 
limits, then T is a natural equivalence. 

Example 2.1.7. Let N G '^A4^. Suppose that is flat or C is coseparable. Consider 
the functor F = — : Ai'^ —>■ and the natural transformation associated to F, T. 
By Mitchell's Theorem, Tw,m is exactly the canonical map (see Proposition I1.3.5P 

W (g)T (Mn^N) {W (g)T M)n^N, 

for every W G Mt, M G tM'^. 

From Lemma [1.1.671 we obtain 

Lemma 2.1.8. Let F,G : M.'^ be k-linear functors, and let t] : F G be a 

natural transformation. For each M G t-M'^, Vm '■ F{M) —>■ G{M) is a morphism of 
(T, 'D)-bicomodules. 

Using Remark I2.1.3[ we prove easily the two following lemmas. The condition "F 
(and G) preserve (s) direct sums" is superfluous. Moreover, these lemmas remain true for 
fc-categories which have direct sums and cokernels (see Remark I2.1.4p . 

Lemma 2.1.9. [521, Lemma 3.2] 

Let F, G : Ai'^ be k-linear functors and t] : F ^ G a natural transformation. For 

X E M-T and M G t-M'^, the following diagram is commutative 

X ®T F{M) ^ X ®T G{M) 



^ X.M 



^ X,M 



F{X ®T M) ^ G{X ®T M). 
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Lemma 2.1.10. [121 Lemma 3.3] 

Let S, T be k-algebras and F : Ai'^ ^ a k-linear functor. In the situation (X5, sYr, r^c); 



s -Ly,MJ 



T 



X(SsY,M- 



Let M E Ai'^ be a bicomodule. We say that a fc-linear functor F : Ai'^ Ai^ is 
M-compatible if T^/^m and Tc/ig,^,^/^^ are isomorphisms. For example, F is M-compatible 
for every bicomodule M either if F preserves inductive limits, or €.'a' is flat and F preserves 
direct limits, or (^'a' is projective and F preserves coproducts (since, by [211 Proposition 
II. 5. 3], (€' ®A' ^')a' is projective). 

Now suppose that F is M-compatible. We define 



A 



F{M) 



T^,V o F{Xm) : F{M) ^ 0a' F{M). 



We have that Xf{m) is a morphism of A' — 2)-bicomodules. 

The following lemma will be useful in the proof of the next theorem. 

Lemma 2.1.11. If M G M'^ and F : ^ is a M-compatible k-linear functor, 
then for all X G AIa', 



T 



Proof. Let us consider the diagram 
X ®A' F{M) 



F{X ®A' Aa/) o Tx 



M- 




F{(t' M) 



F{X 0A' M) 



F{X(S)^,Xm) 




F{M) 



F{X ®A' ^' ®A> M) 



The commutativity of the top triangle follows from the definition of \f{m)i while the 
right triangle commutes by Lemma 12.1.101 (we take S = T = A' and Y = €'), and the 
left triangle is commutative since T^,- is natural. Therefore, the commutativity of the 
rectangle holds. □ 



Proposition 2.1.12. [121 Proposition 3.4] 

Let M G '^ Ai^ and let F : Ai'^ Ai^ be a M-compatible functor. F{M) endowed 
with Pf{m) (ind Xf{m), is a €! — D-bicomodule. Moreover, if F,G : Ai'^ — >• A4^ are M- 
compatible, and rj : F ^ G is a natural transformation, then the map rjM '■ F{M) — > G{M) 
is a morphism of €! — D-bicomodules. 
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Proof. To prove the first statement, consider the diagram 



e F{M) 



Fid' ®A' M) 



F(M) 



F(Am) 



F(M) 



Af{m) 






F{M) 


^ C ® A' C^' c 

























T, 



Since T_ m is a natural transformation, and from the definition of A 



F{M), 



the coassociative 



property of Am, and Lemma [2.1.11l all squares, save possibly the top one, are commutative. 
Hence, by Lemma [1.1.41 (Tir/^^,^:/ ^ is injective), the top square is also commutative. 
To show the counity property, consider the diagram 



€' ®A' F{M) 



■F{(t!®A' M) 



e^,®jy,F(M) 



A 



F{M) 



F{M) 



^ A'M 



■F{A' M). 



A' ®A' F{M) — 

From the definition of Ta',m and \f{m), the counity property of the left C-comodule M, and 
the fact that T_ ^ is natural, all the triangles, save possibly the left one, and the rectangle 
are commutative. Since T^/ m is injective, then the left triangle is also commutative. 
Now we will verify the last statement. For this consider the diagram 



F(M) 



G{M) 



\f(m) F{(E' (g)A' M) 




■G{€'^A' M) 



a(M) 




■ (t' ®A' G{M) 



€! ®A' F{M) 

The commutativity of the triangles follows by the definition of \f{m) and \g{m)- The 
upper parallelogram is commutative since t] is natural while the bottom one commutes 
from Lemma [2.1.91 Since T^, ^ is an injective map, the rectangle is also commutative. □ 
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From now on, every result for comodules over coseparable corings applies in particular 
for modules over rings (since the trivial A-coring is coseparable). 

Now we propose a generalization of [211 Proposition 2.1], [THl 23.1(1)] and [121 Theorem 
3.5]. 

Theorem 2.1.13. Let F : Ai'^ Ai^ be a k-linear functor, such that 

(I) b2D is flat and F preserves the kernel of 0^ ^ — N ®a for every N E Ai'^, or 
(II) € is a coseparable A-coring and the categories Af^ and Ai^ are abelian. 
Assume that at least one of the following statements holds 

1. is projective, F preserves coproducts, and Tj^i^^r, Tjsk^^^^^ are isomorphisms for 
all N G Ai'^ (e.g., if A is semisimple and F preserves coproducts), or 

2. is flat, F preserves direct limits, and Tj^i^^r, Ttv^^cc '^'^e isomorphisms for all 
N G Af^ (e.g., if A is a von Neumann regular ring and F preserves direct limits), or 

3. F preserves inductive limits (e.g., if F has a right adjoint). 
Then F is naturally equivalent to — □e;-F(C). 

Proof. In each case, we have F is C-compatible where C G '^Ai'^. Therefore, by Proposition 
12.1.121 F{(t) can be viewed as a £ — S-bicomodule. From Lemma [2.1. Ill and since T.^c is 
a natural transformation, we have, for every N E Ai'^, the commutativity of the following 
diagram with exact rows in 



FiPN) 



FipN<S,A<C-N(g)AA^) 



F{N) — ^ F{N ®A c:) ^^^^ — F{N ®A c: ®A c). 

The exactness of the bottom sequence is assumed in the case (I). For the case (II), it 
follows by factorizing the map un^h = pAr(S)^€ — A^®^ A(r through its image, and using the 

facts that the sequence ^ A^ ^ — ^ A^ (g)^ d (g)^ C is split exact in Ai^, 

and that additive functors between abelian categories preserve split exactness. By the 
universal property of kernel, there exists a unique isomorphism 7]^ '■ NnirF{€) — > F{N) in 
Ai^ making commutative the above diagram. 
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Now, we will verify that i] is natural. For this let / : iV — >^ iV' be a morphism in Ai'^, 
and consider the following diagram 



■F{N) 







Vn' 




■ 









F{f) 



■F{N') 

FiPN') 



- jv'.e 



- JV,£ 



F{pn) 



F{N ®A <t) 



'F(f»A<t) 



F{N' ^A C). 



From Lemma [1.1.4^ the top square is commutative as desired. Hence F ~ — □ 

Remark 2.1.14. Let C be a A;-category having direct sums and cokernels, A a /c-algebra, 
€. an A-coring, and M G aC. A left (t-coaction on M is a morphism Xm '■ M ^ €. (S>a M 
in aC such that the following diagrams in C are commutative 



M — 
€^aM- 



<t^AM 

A^aM 

^®a^®aM 




Let G aC and Am and Aiv be left C-coactions on M and respectively. A morphism 
f : M ^ N m is a comodule morphism if the following diagram in C is commutative 



M — 

^®aM- 



■ € ® A AT. 



The composition of morphisms is the same as in C. We obtain a category which we denote 
by ^C. For every M,N e '^C, }iomec{M,N) is a A:-submodule of Hom^c(M, A^). Then 
is a /c-category. If C = A4k, then = '^Ai. U C = where D is a 5-coring, then 

Now assume moreover that C has kernels. Let M G A^*^ and A^ G '^C. Consider the 
morphism in C: 

^M,N = pAi ®aN - M ®A^N ■■ M ®aN ^ M ^a'^^aN. 

The kernel of ujm,n in C is called the cotensor product of M and A^. 
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Let f : M ^ M' be a morphism in A^*^ and g : N ^ N' a morphism in "^C. There is 
a unique morphism fn,rg : MOifN M'OirN' in C making commutative the diagram 

^ MDcN ^ M^aN — ^ M (g)A€(g)AN 



f®Ag 



f®At(S)Ag 



^ M'DcN' ^ M' N' ^ M' ®A C: ®A A^'. 

fOfig is called the cotensor product of / and g. We obtain then a bifunctor /c-linear in 
each variable 

Now let D be a /c-category having direct sums and cokernels. Let M G ^ Ai'^ be a 
bicomodule. We say that a A;-linear functor F : ^ D is M-compatible if T^/^a,/ and 
^£'®^/£',M are isomorphisms in D. If F preserves inductive limits then F is M-compatible 
for every bicomodule M. 

Assume that F is M-compatible. Let Xf{m) be the unique morphism in ^'D making 
commutative the diagram 

F(M) ®A' F{M) 

F{(t'(g)A' M). 

Clearly Lemma 12.1.111 and Proposition 12.1.12] remain true for F. We have that F{M), 
endowed with Xf(^m), belongs to D. Moreover, if F, G : A^"^ — >• D are M-compatible, and 
1] : F —y G is a natural transformation, then the map 7]m '■ F{M) G{M) is a morphism 
in '^'D. 

Finally, let £ be an A-coring such that is an abelian category, D an abelian category 
which has direct sums, and F : Al^ — > D a fc-linear functor which preserves inductive 
limits. If C is coseparable or F is left exact then 

F ~ -ncF{(E). 

The proof is analogous to that of Theorem 12.1.131 This result is another generalization of 
[69| Exercise 5, p. 157] (see Remark [2. 1.41) . 

As an immediate consequence of the last theorem we have the following generalization 
of Eilenberg- Watts Theorem [861 Proposition VI. 10.1]. 

Corollary 2.1.15. Let F : Ai'^ — ^ Ai^ be a k-linear functor. 

(1) If bS) is flat and A is a semisimple ring (resp. a von Neumann regular ring), then the 
following statements are equivalent 
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(a) F is left exact and preserves coproducts (resp. left exact and preserves direct 
limits); 

(h) F c:^ — D^Af for some hicomodule M E '^Ai^ . 

(2) If an-d bS) are flat, then the following statements are equivalent 

(a) F is exact and preserves inductive limits; 

(b) F c:^ — n^M for some hicomodule M G '^M.^ which is coflat in '^M.. 

(3) If C is a coseparable A-coring and the categories M!^ and MP are ahelian, then the 
following statements are equivalent 

(a) F preserves inductive limits; 

(b) F preserves cokernels and F ~ — for some hicomodule M G '^A4^ . 

(4) If €. = A and the category M.^ is ahelian, then the following statements are equivalent 

(a) F has a right adjoint; 

(h) F preserves inductive limits; 

(c) F ~ — ®A M for some hicomodule M G ^A^^. 

Proof. Follows directly from Theorem 12.1.131 and Proposition 11.3.91 □ 

The particular case of the following statement when the cohom is exact generalizes [H 
Corollary 3.12]. 

Corollary 2.1.16. Let N G '^Ai^ he a hicomodule, quasi-finite as a right D-comodule, such 
that and ^S) are flat. If the cohom functor hj)(A^, — ) is exact or if is a coseparahle 
B-coring, then we have 

hj,(Ar, -) ~ -□j,hs,(Ar, D) : A<® ^ M'^. 

Proof. The functor hj)(A^, — ) is A;-linear and preserves inductive limits, since it is a left 
adjoint to the fc-linear functor —\3fiN : AA'^ —>■ Ai^ (see Propositions II. 4.BI 11.1.33]) . Hence 
Theorem 12.1.131 achieves the proof. □ 

Now we will use the following generalization of [911 Lemma 2.2]. 
Lemma 2.1.17. Let A, A' he hicomodules in Suppose that 

(a) Im(t.i;xi,A) is a Ds-pure suhmodule of D ®b D ®b A, and Im(ti;xi,A') is a Ds-pure suh- 
module of Ti iS)b A' , 

(h) uJx.A o,nd uJx,K' o,re ®a €)-pure for every X G (e.g. a^ is flat or D is 

coseparahle). 
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Let G = -DsA, G' = -D^A' : M^. Then 

Nat(G,G") ~ Homo,c)(A,A'). 
Proof. We want to show that the correspondence 

Homo,e;)(A,A') ^ Nat(G,G")> V ^ -O^V 



(2.2) 



is bijective. 

Let 1] : G ^ G' he a natural transformation. By Lemma [2.1.81 ?7xi is left 5-linear. 
Let M e A^B and m G M. Define : T) ^ M <^b fm{d) = m <S) d, m e M,d e D. 
fm is clearly right S-colinear. Then, by Lemma [1.3. 121 we obtain the commutative diagram 



G'(D) ^ A 

G{M ^M®bA- 



-A' ~ G"(D) 

M®B A' -G'{M®B^), 



and G(/m)(A) = m (g) A for all A G A. Hence rjM®B'Z = M ®b Vv- 

Now, let M G A^^. Again from Lemma [1.3.121 we have the commutative diagram 



MDgA- 

PM Daj A 

(M ®BD)nj,A 



M®bA 



VM 



— ^ MD^A' 

(M ®B2')n3A' 



■M®B A' 



(2.3) 



and the compositions of the vertical maps are the inclusion maps. From the commutativity 
of the diagram (12. 3p . we get the following commutative diagram 



A 



Aa 



A- 



— A' 
■2) ®B A' 



i.e. ?7xi is left 2)-colinear. Therefore, ?7m = ^Dxt^D- Hence the correspondence (12.21) is 
bijective. Finally, it is clearly an isomorphism of abelian groups. □ 

The following proposition generalizes ^1], Theorem 2.1] from bimodules over rings to 
bicomodules over corings. 

Proposition 2.1.18. Suppose that a^, ^a, b2) and Db are flat. Let X G '^Ai^ and 
A G ^Ai'^. Consider the following properties: 



105 



(1) —O^X is left adjoint to —Ul^A; 

(2) A is quasi-finite as a right (t-comodule and —OirX ~ hir(A, — ); 

(3) A is quasi-finite as a right (t-comodule and X ~ h.^{A, €.) in '^Ai^ ; 

(4) there exist bicolinear maps 

-.C^ XD^A and u : AD^X D 
in '^Ai'^ and respectively, such that 

(tuDsA) o (ADcV^) = A and (XD^uj) o (tpD^X) = X; (2.4) 

(5) Adir— is left: adjoint to XO^—. 
Then 

(Hp and ^ are equivalent, and they imply 

^ implies ^ if ^ is a coseparable A-coring. If aX and bA are flat, and ujx,k = 
px ®B A — X ®A Pa is pure as an A-linear map and uj\^x = Pa ®a X — A®b Px is pure 
as a B-linear map (e.g. if (tX and j)A are coflat (see Lemma \1.3.(^) or A and B are von 
Neumann regular rings), or if (t and D are coseparable, then ^ implies (QP. The converse 
is true if mX and ^A are coflat, or if A and B are von Neumann regular rings, or if £ and 
D are coseparable. Finally, if (t and D are coseparable, or if X and A are coflat on both 
sides, or if A, B are von Neumann regular rings, then ^\), and ^ are equivalent. 

Proof. The equivalence between ([T]) and ([2]) follows from Proposition ll.4.6[ That ([2]) im- 
plies ([3]) is a consequence of Proposition 12 . 1 . 121 If £ is coseparable and we assume ([3]) then, 
by Corollary [2IIIini h(r(A, -) ^ -Dch<r{A, £) ~ -D^X. That (P implies (HD follows from 
Lemma [2 . 1 . 1 71 by evaluating the unit and the counit of the adjunction at € and D, respec- 
tively. Conversely, if we put F = — D^X and G = — D^A, we have GF ^ — □(r(Xnj)A) 
and FG ~ — □x)(An(rX) by Proposition 11.3. 161 Define natural transformations 

v-.iM^^-a^^^GF 

and 

e..FG^-n^D^lM^, 

which become the unit and the counit of an adjunction by (13.11) . This gives the equivalence 
between ([T]) and (jll). The equivalence between (jl]) and ([5]) follows by symmetry. □ 

Proposition 2.1.19. Suppose that and sS) are flat. Let X e '^M^ and A e ^M'^. 
The following statements are equivalent 

(i) — DirX is left adjoint to — n^A, and —OtrX is left exact (or aX is flat or ^X is 
coflat); 
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(a) A is quasi-finite as a right (t-comodule, — DirX ~ h^{A, — ), and —d^X is left exact 
(or is flat or (tX is coflat); 

(Hi) A is quasi-finite and injector as a right <t-comodule and X ^ he:(A, (t) in ^Ai^. 

Proof. First, observe that if is coflat, then aX is flat (see Corollary 11.3.141 (2)), and 
that if aX is flat, then the functor —n^X is left exact. Thus, in view of Proposition 12.1.1^ 
it suffices if we prove that the version of (ii) with —O^X left exact implies (Hi), and this 
last implies the version of {ii) with ^tX coflat. Assume that —OttX ~ he;(A, — ) with —n^X 
left exact. By Proposition |2JJJ1 X ~ he;(A, €) in '^M^. Being a left adjoint, he;(A, -) 
is right exact and, henceforth, exact. By Proposition II .4.81 A^ is an injector and we have 
proved [iii). Conversely, if A^ is a quasi-flnite injector and X ~ h(j;(A, €) as bicomodules, 
then —OtrX ~ — □a;h(r(A, <t) and, by Proposition 11.4.81 we get that h(r(A, — ) is an exact 
functor. By Corollary EHIBl h£(A, -) ^ -□e;he;(A, €) ~ -DcAT, and ^X is coflat. □ 

From the foregoing propositions, it is easy to deduce our characterization of Frobenius 
functors between categories of comodules over corings. 

Theorem 2.1.20. Suppose that a^ and sS) are flat. Let X e ^M^ and A e ^M'^. The 

following statements are equivalent 

(i) (— n^X, — n^A) is a Frobenius pair; 

(ii) — Dg^X is a Frobenius functor, and hj)(X, ^ A as bicomodules; 

(iii) there is a Frobenius pair {F, G) forA4'^ and M.^ such that F{€) ^ A and G{'S>) ~ X 
as bicomodules; 

(iv) Ac, Xx) are quasi-finite injectors, and X ~ h(r{A,<t) and A ~ h^{X,D) as bicomod- 
ules; 

(v) Ac, Xj) are quasi-finite, and — D^X ~ hir(A, — ) and — D^A ~ hj)(X, — ). 

Proof, (i) ■<=^ (ii) (iii) This is obvious, after Theorem 12.1.131 and Proposition 12. 1. 121 
(i) -v^ (iv) Follows from Proposition 12.1.191 

(iv) ■<=^ (f) If Xx) and A^ are quasi-finite, then ^X and ^A are flat. Now, apply 
Proposition 12.1.191 □ 

From Proposition 12 . 1 . 1 8l and Proposition 12. 1. 19) (or Theorem l2.1.20p we get the following 

Theorem 2.1.21. Let X e '^M^ and A e ^M^. Suppose that a^, ^a, b2D and 2)^ are 
flat. The following statements are equivalent 

1. (— DcX, — DxA) is a Frobenius pair, with Xj) and A^ coflat; 

2. (ADg;— , XDj)— ) is a Frobenius pair, with ^X and j)A coflat; 
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3. X and A are coflat quasi-finite injectors on both sides, and X ~ hir{A, (t) in '^Ai^ 
and A ~ h^{X, D) in ^M'^. 

If moreover € and 2) are coseparable (resp. A and B are von Neumann regular rings), 
then the following statements are equivalent 

1. (— DitX, — D^A) is a Frobenius pair; 

2. (ADir— , XDj)— ) is a Frobenius pair; 

3. X and A are quasi-finite (resp. quasi-finite injectors) on both sides, andX ~ h(r(A, €) 
in '^M^ and A ~ hs(X,D) in ^M'^. 

Remark 2.1.22. In the case of rings (i.e., C = A and D = B, Theorem 12.1.201 and the 
second part of Theorem 12.1.211 give [251 Theorem 2.1]. To see this, observe that a^b is 
quasi-finite as a right -B-module if and only if — ®aX : M-a ^ M.b has a left adjoint, that 
is, if and only if aX is finitely generated and projective. In such a case, the left adjoint is 
-03 HomA(X, A) : Mb ^ Ma- Of course, -OaX = - (g)^ X. 

The dual characterization in the framework of coalgebras over fields [251, Theorem 3.3] 
will be deduced in Section 12. 2[ 

2.2 Frobenius functors between corings with a duality 

We will look to Frobenius functors for corings closer to coalgebras over fields, in the sense 
that the categories of comodules share a fundamental duality. 
First we recall a finiteness theorem: 

Lemma 2.2.1. [18, 19.12(1)] 

Assume that ^€ is locally projective and let M G Ai'^. Then every nonempty finite subset 
of M is a subset of a subcomodule of M which is finitely generated as a right A-module. 
In particular, minimal *€-submodules are finitely generated as right A-modules. 

Proposition 2.2.2. Let C be an A-coring such that a^ is flat. 

(1) A comodule M G TVI^ is finitely generated if and only if Ma is finitely generated. 

(2) A comodule M G is finitely presented if Ma is finitely presented. The converse is 
true whenever Ai'^ is locally finitely generated. 

(3) If A^ is locally projective, then J^'^ is locally finitely generated. 

Proof. (1) From the definition of a finitely generated object, every comodule that is finitely 
generated as right A-module is a finitely generated comodule. The forgetful functor U : 
^ Ma has a left adjoint —®a^ '■ Ma M'^ which is exact and preserves coproducts. 
Thus, from Lemma [1.1.561 U preserves finitely generated objects. 
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(2) If M G A^'^ is such that Ma is finitely presented, then for every exact sequence 
Q K ^ L ^ M Q m }A'^ with L finitely generated, we get an exact sequence 
Ka ^ La ^ Ma with Ma finitely presented. Thus, Ka is finitely generated 
and, by ([H), K e A^*^ is finitely generated. This proves that M is a finitely presented 
comodule. The converse follows directly from Lemma [1.1.571 and the fact that the forgetful 
functor preserves inductive limits. 

(3) is a consequence of ([T]) and Lemma 12.2. 1[ □ 



Proposition 2.2.3. Let C he an A-coring. 

(1) If A^ is flat, A is a right noetherian algebra, and <La is finitely generated module, then 
the category Ai'^ is locally finitely noetherian. 

(2) If A^ is flat and A is a right noetherian algebra, then every finitely generated object of 
Ai'^ is noetherian. 

(3) If A^ is locally projective and A is a right noetherian algebra, then the category Ai'^ is 
locally finitely noetherian. 

Proof. (1) Immediate from Lemma Tl. 2. 161 and the fact that every M e M'^ such that Ma 
is noetherian, is noetherian in (by Proposition ll.l.5H|) . 

(2) Let M G Al*^ be a finitely generated comodule. From Proposition 12.2.21 Ma is 
finitely generated. Then it is noetherian. Hence Mg; is noetherian. 

(3) Obvious from Proposition 12.2.21 and (2). □ 

The notation C/ stands for the full subcategory of a Grothendieck category C whose 
objects are the finitely generated ones. The special case of the following lemma where C 
is the category of right modules over a ring R, recovers [861 Exercise 4, p. 109]. 

Lemma 2.2.4. Let C be a locally finitely generated category. 

(1) The category Cj is additive. 

(2) The category C/ has cokernels, and every monomorphism in Cf is a monomorphism 
in C. 

(3) The following statements are equivalent: 

(a) The category C/ has kernels; 

(b) C is locally noetherian; 

(c) Cf is abelian; 

(d) Cf is an abelian subcategory ofC. 
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Proof. (1) Obvious from Lemma Fl. 1.31 and Proposition ll.l.bTj fl). 

(2) That Cf has cokernels is straightforward from Lemma 11.1.541 (i). Now, let / : 
M — > be a monomorphism in C/ and C, : X — > M be a morphism in C such that 

= 0. Suppose that X = [j-^j Xi, where Xi E Cf, and ^ : Xi ^ X , i E I, the canonical 
injections. Then f^Li = 0, and ^Li = 0, for every i, and by the definition of the inductive 
limit, ^ = 0. 

(3) (6) =^ (a) Straightforward from Proposition 11.1.581 
(d) =^ (c) and (c) =^ (a) are trivial. 

(a) =^ (6) Let M G C/, and be a subobject of M. Let t : L — M be the kernel of the 
canonical morphism f : M ^ M/K in C/. Suppose that K = {J^^j Ki, where Ki E Cf, for 
every i E I. By the universal property of kernel, there exist a unique morphism a : L ^ K, 
and a unique morphism j3i : ^ L, for every i E I, making commutative the diagrams 




M- 



■M/K 




K 



By (2), i is a monomorphism in C, then for every K.^ C Kj, the diagram 




commutes. Therefore we have the commutative diagram 




Then K c:^ L, and hence K E Cf. Finally, by Proposition 11.1. 5"8| M is noetherian in C. 
(6) =^ (d) Straightforward from Lemma Fl. 1.31 □ 

The following generalization of [25, Proposition 3.1] will allow us to give an alternative 
proof to the equivalence "(1) ^ (4)" of Theorem FZXH (see Remark FSXIS (1))- 

Proposition 2.2.5. Let C and D be two locally noetherian categories. Then 

(1) If F : C —>■ T) is a Frohenius functor, then its restriction Ff : Cf —>■ T)f is a Frohenius 
functor. 
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(2) If H : C/ — s> Y)f is a Frobenius functor, then H can he uniquely extended to a Frobenius 
functor H : C ^ T). 

(3) The assignment F Ff defines a bijective correspondence (up to natural isomor- 
phisms) between Frobenius functors from C to D and Frobenius functors from Cj to 

D/ 

(4) In particular, if C = Ai'^ and D = Ai^ are locally noetherian such that a€ and 
bD are fiat, then F : Ai'^ — >■ is a Frobenius functor if and only if it preserves 
direct limits and comodules which are finitely generated as right A-modules, and the 
restriction functor Fj : Ai'j AiJ* is a Frobenius functor. 

Proof. The proofs of flEl Proposition 3.1 and Remark 3.2] remain valid for our situation, 
but with some minor modifications: to prove that H is well-defined, we use Lemma I2.2.4[ 
In the proof of the statements (1), (2) and (3) we use the Grothendieck AB 5) condition. □ 

In order to generalize [001 Proposition A. 2.1] and its proof, we need the following lemma. 

Lemma 2.2.6. (1) Let C be a locally noetherian category, let D be an arbitrary Grothendieck 
category, F : C T) be an arbitrary functor which preserves direct limits, and 
Ff : Cf T) be its restriction to Cf. Then F is exact (faithfully exact, resp. left, 
right exact) if and only if Ff is exact (faithfully exact, resp. left, right exact). 

In particular, an object M in Cf is projective (resp. projective generator) if and only 
if it is projective (resp. projective generator) in C. 

(2) Let C be a locally noetherian category. For every object M ofC, the following condi- 
tions are equivalent 

(a) M is injective (resp. an injective cogenerator) ; 

(b) the contravariant functor Homd— , M) : C Ah is exact (resp. faithfully exact); 

(c) the contravariant functor B.omc{— , M) f : Cf —>■ Ah is exact (resp. faithfully 
exact). 

In particular, an object M in Cf is injective (resp. injective cogenerator) if and only 
if it is injective (resp. injective cogenerator) in C. 

Proof. (1) The "only if" part is straightforward from the fact that the injection functor 
C/ — *• C is faithfully exact. 

For the "if" part, suppose that Ff is left exact. Let / : M — > be a morphism in 
C. Put M = IJ-gjMj and A^ = [Jj^jNj, as direct union of directed families of finitely 
generated subobjects. For (i, j) ^ I x J, let Mij = Mj fl f~^{Nj), and fij : Mjj Nj be 
the restriction of / to Mjj. We have / = lim/j j and then F{f) = limFf{fi j). Hence 

IxJ IxJ 
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kerF(/) = ker limF/-(/ij) = limker = limF/(ker /jj) = limF (kei fij) (by 

IxJ IxJ IxJ IxJ 

Lemma[223!) = F(limker = F(ker/). 

7xj 

Finally F is left exact. Analogously, it can be proved that Ff is right exact implies that 
F is also right exact. Now, suppose that Ff is faithfully exact. We have already proved 
that F is exact. It remains to prove that F is faithful. For this, let 7^ M = IJie/ 
an object of C, where Mj is finitely generated for every i & L We have 

F{M) = \imFf{Mi) ^^Ff{Mi) 

(since F is exact). Since M 7^ 0, there exists some io & I such that Mj^ 7^ 0. By Proposition 
ll.l.l^i Fj(MiJ =^ 0, hence F{M) ^ 0. Also by Proposition [mill F is faithful. 
(2) (a) ^ (6) Obvious. 

(6) =^ (c) Analogous to that of the "only if" part of (1). 

(c) ^ (a) That M is injective is a consequence of Propositions 11.1.211 11.1.581 Now, 
suppose moreover that Homc(— , M) j is faithful. Let L be a nonzero object of C, and K be 
a nonzero finitely generated subobject of L. By Proposition 11.1.121 there exists a nonzero 
morphism K M . Since M is injective, there exists a nonzero morphism L ^ M making 
commutative the following diagram 




From the dual of Proposition 11.1.201 it follows that M is a cogenerator. □ 

Lemma 2.2.7. [18, 19.19 (1)] 
Let M he a right ^-module. If 

(a) Ma is finitely generated and projective, or 

(b) (Ea is flat and Ma is finitely presented, or 

(c) ^A is finitely generated and projective, 

then the dual module M* = Hom^(M, A) is a left C-module via the structure map 

Am. : M* RomAiM, €) ^ € ® ^ M*, / ^ (/ ®^ C) o p^. 
(See Lemma [l . 1 .7^ 6) . ) 

If <tA is flat and M G A^*^ is finitely presented as a right A-module, then, by Lemma 
\2.2.7\ the dual A-module M* has a left C-comodule structure. Now, if aM* turns out to 
be finitely presented and is flat, then *{M*) = Hom^(M*, A) is a right C-comodule and 
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the canonical map : M — > *(M*) is a homomorphism in Ai'^. This construction leads 
to a duality 

between the full subcategories A^q and '^M.q of A^^ and '^J^ whose objects are the comod- 
ules which are finitely generated and projective over A on the corresponding side (this holds 
even without flatness assumptions of £). Call it the basic duality (details may be found 
in [20] )• Of course, in the case that A is semisimple (e.g. for coalgebras over fields) these 
categories are that of finitely generated comodules, and this basic duality plays a remark- 
able role in the study of several notions in the coalgebra setting (e.g. Morita equivalence 
[9T] . semiperfect coalgebras [63], Morita duality [S], [15], or Frobenius functors [25]). It 
would be interesting to know, in the coring setting, to what extent the basic duality can be 
extended to the subcategories and "^Al/, since, as we will try to show in this section, 
this allows to obtain better results. Of course, this is the underlying idea when the ground 
ring A is assumed to be quasi- Frobenius (see [35]). 

Consider contravariant functors between Grothendieck categories H : A ^ A' : H', 
together with natural transformations t : Ix ^ H' o H and r' : 1a' H o H', satisfying 
the condition H{tx)ot'jj^^^ = and H'{t'x,)oth'(^x') = ^h'{x') for X G A and X' G A'. 

Following [27], this situation is called a right adjoint pair. 

Proposition 2.2.8. Let €. be an A-coring such that and are flat. Assume that Ai^ 
and '^Al are locally noetherian categories. If aM* and *Na are finitely generated modules 
for every M G Aij and N G '^Ai/, then the basic duality extends to a right adjoint pair 
i-r-.Mf^^Mf :*{-). 

Proof. If M G Aij then, since Al'^ is locally noetherian, Mg; is finitely presented. By 
Proposition 12.2.21 Ma is finitely presented and the left C-comodule M* makes sense. Now, 
the assumption ^M* finitely generated implies, by Lemma [2.2.21 that M* G '^Ai/- We 
have then the functor (— )* : Aij '^■^f- The functor *(— ) is analogously defined, and 
the rest of the proof consists of straightforward verifications. □ 

Example 2.2.9. The hypotheses are fulfilled if and are locally projective and A is 
left and right noetherian. But there are situations in which no finiteness condition need 
to be required to A: this is the case, for instance, of cosemisimple corings (see Proposition 
ll.2.23p . In particular, if an arbitrary ring A contains a division ring B, then, by Proposition 
11.2.231 the canonical coring A^b A satisfies all hypotheses in Proposition 12.2.81 

Definition 2.2.10. Let C be a coring over A satisfying the assumptions of Proposition 
12.2.81 We will say that C has a duality if the basic duality extends to a duality 

i-y-.Mf^^Mj :*{-). 

We have the following examples of a coring which has a duality: 

(i) C is a coring over a QF ring A such that a^ and Ca are flat (and hence projective); 
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(ii) C is a cosemisimple coring, where Ad'j and ^A4f are equal to A4q and '^Mq, respec- 
tively; 

(iii) C is a coring over A such that and €.a are fiat and semisimple, Ai'^ and '^Ai are 
locally noetherian categories, and the dual of every simple right (resp. left) ^-module 
in the decomposition of (resp. a^) as a direct sum of simple A- modules is finitely 
generated and A-refiexive (in fact, every right (resp. left) £-comodule M becomes 
a submodule of the semisimple right (resp. left) A-module M ®a and hence Ma 
(resp. aM) is also semisimple). 

Let C be an A-coring such that a^ is flat, and M e Ai^. A comodule Q G Ai'^ is 
said to be M-injective if for every subcomodule M' of M, and every morphism in Af^, 
f : M' — >■ Q, there is g : M ^ Q such that the diagram 

Q 

f / ^ 
/ f I 

^ M' ^ M 



commutes. Obviously, Q ^ AM^ vs, injective if and only if it is M-injective for all M G A^*" 

The following is a generalization of [001 Proposition A. 2.1] and {%) <^=> (ii) -v^ iiv) of 
Theorem 2.4.17]. 

Proposition 2.2.11. Suppose that the coring ^ has a duality. Let Q G Ai'^ such that Qa 
is flat. The following are equivalent 

(1) Q is coflat (resp. faithfully coflat); 

(2) Q is M-injective for all finitely generated right (t-comodule M (resp. the last statement 
hold and moreover ^ M ^ Ai'^ is finitely generated implies Homc(M, Q) ^ 0; 

(3) Q is injective (resp. an injective cogenerator). 

Proof. Let Q G Af^ and G '^Aif. We have the following commutative diagram (in Aik) 
^QD^N ^Q®aN PQ^^^^-Q^-^A. . Q0a€®aN 



Eome{N* , Q) Hom^ {N*,Q) -J^^^SL^I^^^iIoira {N*,Q^a^), 

where the vertical maps are the canonical maps. By the universal property of kernel, 
there is a unique morphism //g^iv : QO^N — > Home;(A^*, Q) making commutative the above 
diagram. By Lemma ll.l.4^ is a natural transformation of bifunctors. For example we 
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will verify that rj is natural in N. For this let f : Ni ^ N2 he a. morphism in '^Aif. It is 
enough to consider the diagram 



Hom<t(Ar*,Q) 



QneN2 



?om2;(/*,Q) 



Hom£(A/'*,Q) 




HomA(iV*,Q) 



IomA(/*,Q) 



Hom^(Ar*,g). 



If is flat then riq^fq is an isomorphism for every G '^M.^. We have 

gOe;- ~ Home;(-, Q) f o (-)* ■.''Mf^ Mk. 

Then, by Lemma 12.2.61 is cofiat (resp. faithfully cofiat) iff Qdir— : '^Aif M.k is 
exact (resp. faithfully exact) iff Home;(— , Q) f : Ai'^ ^ Aij. is exact (resp. faithfully exact) 
iff Q(r is injective (resp. an injective cogenerator). □ 

The particular case of the second part of the following result for coalgebras over a 
commutative ring is given in ^4j. 

Corollary 2.2.12. Let N G '^Ai^ be a bicomodule. Suppose that A is a QF ring. 

(a) If N is an injector as a right D-comodule then N is injective in M.^ . 

(b) If D has a duality, Nb is fiat and N is injective in M.^ , then N is an injector as a 
right D-comodule. 

Proof, (a) Since A is a QF ring, then is injective. Hence A^x) — (^ ®a N)^ is injective. 

(b) Let Xa be an injective module. Since A is a QF ring, Xa is projective. We have 
then the natural isomorphism 



(X 0A N)D^- ~ X ®A (XDs- 



x» 



By Proposition 12.2. iTl is cofiat, and then X ®a N is cofiat. Now, since X ®a X is a 
fiat right i?-module, and by Proposition 12.2. iTl X (8>a N is injective in Ai^. □ 

The last two results allow to improve our general statements in Section 12.11 for corings 
having a duality. 
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Proposition 2.2.13. Suppose that (£ and D have a duality. Consider the following state- 
ments 

1. (— DcX, — DjjA) is an adjoint pair of functors, with and flat; 

2. A is quasi-finite injective as a right €-comodule, with and Aa flat and X ~ 
hc(A, zn'^M^. 

We have (1) implies (2), and the converse is true if in particular B is a QF ring. 

Proof. (1) ^ (2) From Proposition 12.2. iTl D is injective in AA.^. Since the functor — D^X 
is exact, A ~ SD^A is injective in M'^. 

(2) ^ (1) Assume that S is a QF ring. From Corollary 12.2. 121 A is quasi-finite injector 
as a right C-comodule, and Proposition 12.1.191 achieves the proof. □ 

We are now in a position to state and prove our main result of this section. 

Theorem 2.2.14. Suppose that <L and D have a duality. Let X G '^M'^ and A G '^M'^. 
The following statements are equivalent 

1. (— DcX, — n^A) is a Frobenius pair, with Xb and Aa flat; 

2. (ADir— , XDj)— ) is a Frobenius pair, with aX and bA flat; 

3. X and A are quasi-finite injector on both sides, and X ~ he;(A, in '^A4^ and 
A ^ hj,(X,D) zn ^M'^. 

In particular, if A and B are QF rings, then the above statements are equivalent to 

4. X and A are quasi-finite injective on both sides, and X ~ h.(r{A,€) in '^Ai^ and 
A ~ hs,(X,D) zn ^W^. 

Finally, suppose that (t and D are cosemisimple corings. Let X G ^A^® and A G ^Ai'^. 
The following statements are equivalent 

1. (— DitX, — DjjA) is a Frobenius pair; 

2. (ADg;— , XDj)— ) is a Frobenius pair; 

3. X and A are quasi-finite on both sides, and X ~ he;(A, <t) in '^Ai^ and A ^ h^{X,D) 

Proof. We start by proving the first part. In view of Theorem 12.1.211 and Theorem 12.1.201 
it suffices to show that if {—O^X, — DgA) is a Frobenius pair, the condition "X^ and A^ 
are cofiat" is equivalent to "X^ and A^ are fiat" . Indeed, the first implication is obvious, 
for the converse, assume that Xb and A^ are fiat. By Proposition 12.2.131 X and A are 
injective in Ai^ and Ai'^ respectively, and they are cofiat by Proposition 12. 2. Ill The 
particular case is straightforward from Corollary 12.2. 121 and the above equivalences. 
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Now we will show the second part. We know that every comodule category over a 
cosemisimple coring is a spectral category (see Proposition 11.2.231) . From Proposition 
12.2.111 the bicomodules cXj) and j)A(j; are coflat and injector on both sides (we can see this 
directly by using Corollary 11.1.411) . Finally, Theorem 12.1.211 achieves the proof. □ 

Remarks 2.2.15. (1) The equivalence "(1) -v^ (4)" of the last theorem is a generalization of 
[251 Theorem 3.3]. The proof of [251 Theorem 3.3] gives an alternative proof of "(1) -vv- (4)" 
of Theorem 12.2.141 using Proposition 12.2.51 

(2) The adjunction of Proposition 12 . 1 . 181 and Proposition 12.2.13] generalizes the coalge- 
bra version of Morita's theorem [T^ Theorem 4.2]. 

Example 2.2.16. Let A be a /c-algebra. Put ft = A and D = k. The bicomodule A e '^M^ 
is quasi-finite as a right 2)-comodule. A is an injector as a right 2)-comodule if and only if 
the fc-module A is fiat. If we take A = k = the bicomodule A is quasi-finite and injector 
as a right S}-comodule but it is not injective in Ai^. Hence, the assertion "(— D^X, — DxiA) 
is an adjoint pair of functors" does not imply in general the assertion "A is quasi- finite 
injective as a right C-comodule and X ~ he;(A, €) in '^Ai^" , and the following statements 
are not equivalent in general: 

(1) {—D^X, — DjjA) is a Frobenius pair; 

(2) X and A are quasi-finite injective on both sides, and X ^ he;(A, in '^A4^ and 
A ~ hs,(X,D) in ^M'^. 

On the other hand, there exists a commutative self-injective ring which is not coherent 
(see Section II. ip . By a theorem of S.U. Chase (see for example ^ Theorem 19.20]), 
there exists then a fc-algebra A which is injective, but not fiat as /c-module. Hence, the 
bicomodule A G '^Ai^ is quasi-finite and injective as a right S}-comodule, but not an 
injector as a right S-comodule. 

2.3 Applications to induction functors 

We will characterize when the induction functor —^^B : Ai'^ Ai^ defined in Subsection 
11.5.11 is a Frobenius functor. 

Theorem 2.3.1. Let {(p,p) : ^ D be a homomorphism of coring s such that ^€ and ^2) 
are flat. The following statements are equivalent 

(a) — ®A B : Af^ —>■ Ai^ is a Frobenius functor; 

(b) the €, — D -bicomodule €. ®a B is quasi-finite and injector as a right D- comodule and 
there exists an isomorphism of D — ^-bicomodules hx)(C ®a -B, S)) ~ i? ®a ^• 

Moreover, if (E and D are coseparable, then the condition "injector" in (b) can be deleted. 

Proof. First observe that —®aB is a Frobenius functor if and only if {—®aB, —^^{B^a^)) 
is a Frobenius pair (by Proposition II. 5. 4p . Let M G A^^. The map pu ®a B : M ®a B — >• 
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M ®A ^ ®A -B is a morphism of !D-comodules. As in the proof of Lemma 11.3. 12[ and using 
Proposition 1 1 . 3 . 21 (^2) is flat), we have a commutative diagram in M.^ with exact row 



0- 



IpM 

M®aB 




M®A <1®aB ^M®A ^®a^®aB 



Pm®aB 



where ipM is the isomorphism defined by the universal property of kernel. Now, we will 
verify that if) is a. natural isomorphism. For this, let f : M ^ M' be a morphism in Ai'^. 
Consider the diagram 



M'0A B 




MD^{(t(^A B) 



M®a^®aB 



All sides, except perhaps the top one, are commutative, then the top side is so. The 
equivalence between (a) and (b) is then obvious from Propositions I2.1.19[ I2.1.18[ □ 

Let us consider the particular case where (t = A and D = B are the trivial corings 
(which are coseparable). Then Theorem 12.3.11 gives functorial Morita's characterization of 
Frobenius ring extensions given in [TTi Theorem 5.1]: In the case € = A, D = B we have 
that (by Example ll.4.2p . A ®^ i? ~ is quasi-finite as a right 5-comodule if and only if 
aB is finitely generated an projective, and, in this case, h.B{B, — ) ~ — (g)^ Hom^(^i?, A). 

Theorem 12.3.31 generalizes the characterization of Frobenius extension of coalgebras over 
fields [25l Theorem 3.5]. It is then reasonable to give the following definition. 

Definition 2.3.2. Let {(f,p) : € ^ D he a homomorphism of corings. It is said to be a 
right Frobenius morphism of corings if — ®a B : Ai'^ —>■ M.^ is a Frobenius functor. 

Theorem 2.3.3. Suppose that A and B are QF rings. Let {ip, p) : <t D be a homomor- 
phism of corings such that the modules a^, ^a (iiT'd bS) are projective. Then the following 
statements are equivalent 

(a) — ®A B : Ai^ ^ is a Frobenius functor; 

(b) the €—D -bicomodule ^®aB is quasi-finite as a right D-comodule, (£(8)^-8)2) is infective 
and there exists an isomorphism of D — (t-bicomodules h^{€. ®a B,D) c:^ B ®a ^• 
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Proof. Obvious from Theorem 12.3.11 and Corollary 12.2. 12[ 



□ 



Lemma 2.3.4. Let £ be an A-coring. If — ®a ^ is a left adjoint functor to the forgetful 
functor, then and €a are finitely generated and projective. 

Proof. Suppose that the forgetful functor Ai'^ ^ A4a is a Frobenius functor. Then the 
functor — ®A ^ '■ M-A — ^ M.A is also a Frobenius functor (since it is a composition of 
two Frobenius functors) and a^ is finitely generated projective. On the other hand, since 
- ®A (2: : Ma M'^ is a left adjoint to Rom^iC, -) : Ma- Then Homc(c:, -) 

is a Frobenius functor. Therefore, € is finitely generated projective in A4'^, and hence in 
Ma. □ 

Lemma 2.3.5. [HI Lemma 4.3] 

Let €■ be an A-coring and let R the opposite algebra of €* . If a^ is finitely generated 
and projective, then the categories M'^ and Mr are isomorphic to each other. Indeed, if 
M G M'^ then M is a right R by m.r = X] "^(o)^(^(i))- This yields an isomorphism of 
categories M'^ Mr. 

Lemma 2.3.6. Let R be the opposite algebra of*C 

(1) ^ E '^M^ is quasi-finite (resp. quasi-finite and injector) as a right A-comodule if and 
only if a^ is finitely generated projective (resp. a^ is finitely generated projective and 
aR is flat). Let h^(£, — ) = — <S)a R '■ M^ M'^ be the cohom functor. 

(2) If A^ is finitely generated projective and aR is flat, then 

AhA(^, A)e: ~ aRc, 
where the right €-comodule structure of R is defined as in Lemma \2.3.5\ 

Proof. (1) Straightforward. 

(2) From Lemma [2.3.51 the forgetful functor Ai'^ M.a is the composition of functors 
M'^ Mr Ma- By Proposition OSl ^a^*^, -) is a left adjoint to -U^l : M^ Ma 
which is isomorphic to the forgetful functor }A'^ Ma- Then \ia{^-,—) is isomorphic to 
the composition of functors 

Ma^Mr ^M'^. 

In particular, a^a{'^-, A)^ — a{A ®a R)€ — aR<c- □ 
Corollary 2.3.7. [IHl 27.10] 

Let € be an A-coring and let R be the opposite algebra of*(t. Then the following statements 
are equivalent 

(a) The forgetful functor F : Ai'^ ^ M.a is a Frobenius functor; 

(b) A^ is finitely generated projective and (t c:^ R as {A, R)-bimodules, such that (E is a 
right R-module by c.r = C(i).r(c(2)), for every c G C and r E R. 
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Proof. Straightforward from Theorem 12.3.11 and Lemma 12.3.61 □ 

The following proposition gives sufficient conditions to have that a morphism of corings 
is right Frobenius if and only if it is left Frobenius. Note that it says in particular that the 
notion of Frobenius homomorphism of coalgebras over fields (by (b)) or of rings (by (d)) 
is independent on the side. Of course, the latter is well known. 

Proposition 2.3.8. Let {(f,p) : € 2) be a homomorphism of corings such that a^, b'^, 
and Db are fiat. Assume that at least one of the following holds 

(a) C and D have a duality, and aB and Ba are flat; 

(b) A and B are von Neumann regular rings; 

(c) B ®A is cofiat in '^M. and C ®a B is cofiat in M.^ and aB and Ba are fiat; 

(d) €. and D are coseparable corings. 

Then the following statements are equivalent 

1- — ®a B : Ai'^ Ai^ is a Frobenius functor; 

2. B ^A — '■ '^Ai is a Frobenius functor. 

Proof. Obvious from Theorem 12.1.211 and Theorem 12.2. 14[ □ 

Let us finally show how to derive from our results a remarkable characterization of the 
so called Frobenius corings. 

Corollary 2.3.9. [18^ 27.8] 

The following statements are equivalent 

(a) the forgetful functor Ai'^ ^ M.a is a Frobenius functor; 

(b) the forgetful functor '^M. —>■ aM. is a Frobenius functor; 

(c) there exist an {A, A)-bimodule map rj : A ^ €. and a {(t,€.)-bicomodule map tt : C^a 
(t^ (t such that n{€ (^av) = ^ = ^^iv ®a 

Proof The proof of "(1) ^ (4)" in PropositionEIHlfor X = (t e ^M'^ and A = € e '^M^ 
remains valid for our situation. Finally, notice that the condition (4) in this case is exactly 
the condition (c). □ 

In such a case we say that £ is a Frobenius coring. 
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2.4 Applications to entwined modules 



In this section we particularize some of our results in Section 
modules. We start with some useful results. 



to the category of entwined 



Proposition 2.4.1. Consider a right-right entwining structure [A^C^il)) G lE'(fc) and a 

left-left entwining structure {B,D,(p) e •E(fc). The category of two-sided entwined mod- 
ules ^J^{(p,'ip)'^ (defined in Suhsection \1.5.2^) is isomorphic to the category of bicomodules 
D^B ^A(^c gy^^ associated corings. 

Proof. Let <t = A ^ C and T) = D ® B the associated A-coring and i?-coring respectively 
(see Theorems fTXTI and OISD . Let M G gA^((^,?/')5 with pm ■ M ^ M ® C axiA 
\m ■■ M ^ D ® M as coaction maps and : M ® A ^ M and ^j^,^ : B ® M ^ M as 
action maps. Let {M,p\.j) G TVI*^ and (M, A^^) G ^Ai the associated right C-comodule and 
left S)-comodule respectively (see Theorems lL5.7l and ll.5.8p . 

First, we have, p\.j is left i?-linear if and only if t/'^^ is right C-colinear, and X'^j is right 
A-linear if and only if ip'^,^ is left D-colinear. 

Now, consider the diagram 



M- 



PM 



DC 



M- 



(1) 

D®PM 



M®C — 

■D®M®C- 



(2) 



{D ® M) ®A {A ® C) 



{D®B) ®bM 



(3) 

{D®B)®bPm 



(4) 



{D ® B) ®B (M ® C) {D ®B)®bM ®a {A ® C). 



The diagrams (2), (3) and (4) are commutative. Hence, the greatest rectangle is commu- 
tative if and only if the rectangle (1) is commutative. Finally, from Theorems 11.5.71 and 

Proposition 2.4.2. [231 Proposition 34] 

// (A, C, ^z^) belongs to lE^(fc) and is such that ifj is an isomorphism, then i/j is an isomor- 
phism of corings. 

Lemma 2.4.3. Let (f : € €' be an isomorphism of A- corings and D a B-coring. Then 
there is a canonical isomorphism of categories 

Let M G ^M'^. Set F{M) = M as (A, Ti) -bicomodules. The left €' -coaction of F{M) is 



M 



e ®4 M. 



Proof. Straightforward. 



□ 
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Corollary 2.4.4. If {A^C^ip) and {A'^C'^tp') belong to IE*(A;) and are such that ip is an 
isomorphism. Then 

(a) We have 

(b) If the coalgebra C is flat as a k-module, then the modules ® C) and {A ® C)a are 
fiat. 

Proof. Follows immediately from Propositions 12.4.2^ 12.4.1^ and Lemma 12.4. 31 □ 

Now, let (a, 7) : {A^C^ip) (A', C", ■?/'') be a morphism in W,{k). We know that 
(aC?>7, a) : A®C A®C' is a morphism of corings. From [23l Lemma 8], we have a functor 
F ■ ^ defined as follows: Let M e Mi^jj)^. F{M) = M A' e Ma'- 

The right C'-coaction is defined by 

PM(B>AA'{m (g) a') = (m(o) ® a'^,) ® 7(m(i))'^', (2.5) 

m e M,a' e A'. For every morphism / : M ^ in M{^)a, F{f) = / (g) A'. 

Proposition 2.4.5. We have the commutative diagram 

where — i^a A' : A^^*^*^ —>■ M^''^'^' is the induction functor. 
Proof Let M e M{iIj)^. Then 

Pm®aA'("^ ®A a') = m(o) (8a 1a' (« ® 7)(U ® 

= "^(0) ®A 1a' (U' ® 7("^(i)))a' 
= (m(o) ®A I A' ®A' {a'^' ® 7(m(i))'^') 
= "^(0) ®A U' a'^' ® 7(m(i))'^') 
= "^(0) ®A V (8) A' (1a' (8 7(m(i))'^') . 

□ 

We obtain the following result concerning the category of entwined modules. 

Theorem 2.4.6. Let (a, 7) : {A,C,iIj) {A',C',tlj') be a morphism in E,l{k), such that 
kC and kD are flat. 

1. The following statements are equivalent 
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(a) The functor F = — ®a ^' '■ -^('V^)a ~^ -^(V^OS' defined above is a Frobenius 
functor; 

(b) the A®C~A'® C -bicomodule {A ® C) ®a ^' is quasi-finite injector as a right 
A' ®C' -comodule and there exists an isomorphism of A' ®C' — A®C-bicomodules 
hA'®c'((^ ® C) ®A A\ A' ® C) ~ A' ®A {A C). 

Moreover, ifA^C and A' ®C' are coseparable corings, then the condition "injector" 
in (b) can be deleted. 

2. If A and A' are QF rings and the module {A' <^C')a' is projective, then the following 
are equivalent 

(a) The functor F = — ®a ^ ■ ■M{iP)a — > ■M{iP')a' defined above is a Frobenius 
functor; 

(b) the A®C — A' ®C' -bicomodule {A®C)®a^' is quasi-finite and injective as a right 
A' ®C' -comodule and there exists an isomorphism of A' ®C' — A®C-bicomodules 
\iA'®c'{{A ® C) ®A A', A' ® C) ~ A' ®A {A®C). 

Proof. Follows from Theorem 12.3.11 and Theorem 12.3.31 □ 

Remark 2.4.7. Let a right-right entwining structure {A, C, ip) G E*(fc). The coseparability 
of the coring A® C is characterized in [231 Theorem 38 (1)] (see also Proposition 11.2. 1^ . 

2.5 Applications to graded ring theory 

In this section we apply our results in the previous sections to the category of graded 
modules by a G-set. Let G be a group, A a G-graded fc-algebra, and X a left G-set. We 
begin by giving some useful lemmas. 

2.5.1 Some useful lemmas 

Let G = kX and G' = kX' be two grouplike coalgebras, where X and X' are arbitrary 
nonempty sets. We know (see Example 11.5.201) that the category is isomorphic to the 
category of X-graded modules. Moreover we have the following: 

Lemma 2.5.1. For a k-module M which is both a X-graded and a X'-graded module, the 
following are equivalent 

(a) M G ^'M^^; 

(b) for every m G M,x G X, x' G X', x'{f^x) ^ Mr/ 

(c) for every m E M,x E X,x' E X', (x'^)x ^ x'M; 

(d) for every m G M, x G X, x' G X', x'iiT^x) = {x''m')x- 
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Proof. Let M = ^^^x = ©^'gx' x'M. At first observe that the condition (a) is 
equivalent to the fact that the diagram 



M — M^kX 



A 



M 



XM^kX 



kX' ® M — — ^ kX' ®M®kX:^ M^^''^^^ 



is commutative. 

(a) ^ (d) Let m G M. We have, pMijn) = '^xex ''^^^x and Am("^) = Xlx'eX' x'^x'i^- 
From the commutativity of the above diagram, 

xex x'ex' x'ex' x<^x 

Hence, x'ij^x) = (a;'^)a; for all x G X, and x' G X'. 
(d) ih) Trivial. 
{h) (a) Let m e M. We have, 

(Am ® kX)pM{m) = ^ ^ x' x'i^x) ® x, 

and 

{kX' (g) pM)^M{m) = {kX' (g) PAf)( ^ ^ x' (g) = X] a;' (g) :r'("^^^) ® 2;. 

xex x'£X' x&x x'^x' 

Hence (a) follows. 

(a) ((i) ■<=^ (c) Follows by symmetry. □ 

Now let G and G' be two groups, A a G-graded /c-algebra, A' a G'-graded /c-algebra, 
X a right G-set, and X' a left G'-set. Let kG and /cG' be the canonical Hopf algebras. 

Let 'i/' : kX®A A(g)/cX, be the map defined by x®ag ^ ag®xg, and ip' : A' ®kX' — >■ 
/cX' (g) A\ be the map defined by a'^, ® x' ^ g'x' ® a'g,. 

From Subsection OJl we have {kG,A,kX) G BKl{k), {kG',A',kX') G lB)K{k), 
{A,kX,^lj) G E:(A:), (A', fcX', V-') e :E{k), and MikG)f ^ gr-{A,X,G), f'M{kG') ~ 
{G',X',A')-gT. 

Lemma 2.5.2. (1) Let M he a k-module having the structure of an X-graded right A- 
module and an X' -graded left A' -module. The following are equivalent 

(a) M G ^fM{ij',i)f/; 

(b ) the following conditions hold 

(i) M is a {A' , A)-bimodule, 
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(a) for every m G M,x G X,x' G X', x'if^x) ^ M^. (or {x'Tn)^ G x'M, or 

x'irrix) = {x'm)x), 
(in) for every x E X, Mx is a suhmodule of a'M, 
(iv) for every x' G X', ^./M is a suhmodule of Ma- 

(2) M G tf and only if M is an X' x X -graded {A' , A)-bimodule (see 

Subsection \1.5.^) . 

Proof. (1) (a) -v^ (6) We will use the definition of an object in the category of two-sided 
entwined modules ^f' M{ip' yip)'^' . By Lemma the condition "M G ''^'j\4''^" is 

equivalent to the condition (ii). We have moreover that the left A'-action on M is kX- 
colinear if and only if for every x G X, m G Mx, pM(fl'^) = {a'm) x, if and only if for 
every x G X, m G Mx, a'm G Mx, if and only if (iii) holds. By symmetry, the condition 
"the right A-action on M is /cX'-colinear" is equivalent to the condition (iv). 

(2) The "if" part is clear. For the "only if" part, put M = ®(^x',x)gx'xx ^i^',^)^ 
where M(^x',x) = x'{Mx) = {x'M)x- Let a' G A'g,,m G M. Since a'.x'{mx) G Mx and 
a'.x'irrix) G g'x'{M), a'.^'(m^) G a'x'{Mx). Therefore, A'g,.x'{Mx) C a'x'{Mx). By symmetry 
we obtain A'g,M(x',x)Ag C Mg,^x',x)g = M^g'x\xg) (g eG,g' e G', x G X, x' G X'). □ 

2.5.2 Adjoint pairs and Frobenius pairs of functors between cat- 
egories of graded modules over G-sets 

Throughout this subsection, G and G' will be two groups, A a G-graded /c-algebra. A' a G'- 
graded fc-algebra, X a right G-set, and X' a right G'-set. Let kG and kG' be the canonical 
Hopf algebras. Let ip : kX ® A ^ A (S) kX be the map defined by x % xg. 

Analogously we define the map ip' : kX' ^ A' —>■ A' ^ kX' . The comultiplication and the 
counit maps of the coring A ® kX are defined by: 

A(a ® x) = {a® x) ®a {^a ® x), e{a ® x) = a {a e A,x e X). 

Proposition 2.5.3. The corings A C?> kX and A' kX' are coseparable. 

Proof. First, [23l Proposition 101] states that the forgetful functor 

M{kG)f Ma 

is separable. By Pr op osit ion 1 1 . 2 . 191 A kX is a coseparable coring. 

The following direct proof in the setting of corings is shown to me by T. Brzezinski. 
The map 6 : {A(^kX)®A{A®kX) — > A defined by 6{a®x®y) = a6x^y (Kronecker's delta) 
for a G A, X, ?/ G X, is a cointegral in the coring A kX (see Definition 11.2.201 ). Indeed, S 
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is clearly left A-linear. On the other hand, for all a G A, x , y G X , g G G, bg G Ag, 

S{{a®x)®A{lA^y)bg) = 6{{a^x)^A'ip{y^bg)) 

= 6{{a®x)®A{bg(»yg)) 

= 6 {aipix (g) bg) {I A ® yg)) 

= 5 {{abg (g) xg) ®a (U ® yg)) 

= dbgdxg^yg 
dbgSx^y 

= 5{{a®x)(S)AilA^y))bg. 

Then 6 is right A-linear. Moreover, it is clear that 6 o A = e. Finally, set £ = A C?) kX. 
Then, we have for all a & A,x,y E X , 

((r®^^) o (A®A^)((a®a;) Oa = ®a 5) ((a ® x) 0^ (1a ® x) ®a (1^ ® y)) 

= (a(g)x)4,j/, 

and 

(5(g)A£)o(^®AA)((a(g)a;)(g)A(lA®2/)) = {S ®A^){{a ® x) ^a {Ia ^ y) ®a {Ia ^ y)) 

= a4,j^(lA®2/) 
= a6x^y ® y. 

Hence, ((£ ^a S) o (A ®a ^) = (5 ®a ^) o ®a A). By Proposition 11.2. 19L A ^ kX is a 
coseparable coring. □ 

Lemma 2.5.4. (1) ip is bijective, (A, kX,ip~^) E lE,{k), and 

fM{kG) := fMiiJ-') - iG,X,A)-gr, 

where the structure of left G-set on X is given by g.x = xg^^ {g E G,x E X). 

(2) Every object of the category ^'®kx' j^A(s>kx ^ M{{ip')~^ y^ip)^ can be identified with 
an X' X X-graded {A' , A)-bimodule. 

Proof. (1) From Proposition 11.5.1"^ and since the antipode of if = kG is S{g) = g~^, for 
all g E G, then S o S = 1h and S = = S" is a twisted antipode of H. Hence ip is 
bijective and {A,kX,i;^^) E lE{k) (see Subsection 021), and ''/M{kG) := ''/M{ip-^) ~ 
{G, X, A) — gr, since : A kX — » kX ^ A, ag ^ x ^-^ g.x (S> ctg, where g.x = xg^^. 
(2) It follows from (1) and Lemma [2.5.21 □ 

Lemma 2.5.5. (1) Let M E gr - {A,X,G), and N E {G,X,A) - gr. We know that 
M E A^^®^^ by the coaction: pu : M M ®a{.A® kX), where pMijrix) = rn^ ®a 
{Ia®x), and N E M by the coaction: Xn : N ^ {A ® kX) ®a N, where 
^Nixn) = {1a ® x) ®A xn. We have MD(^A(i)kx)N = M®aN , where M®aN is the 
additive subgroup of M®aN generated by the elements m®An where x E X,m E M^, 
and n E xN (see Subsection \1.5.3\) . 
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(2) Let P he an X X X'-graded {A, A')-bimodule. We have the commutative diagram: 



gr-{A,X,G) 



■gr-{A',X',G') 



M 



where —®aP : gr — [A, X, G) —>■ gr — [A', X', G') is the functor defined in Subsection 

Proof. (1) At first we will show that the right A-module A kX is free. More precisely 
that the family {Ia^x \ x G X} is a right basis of it. It is clear that ag®x = {lA^xg~^)ag 
for Gg G Ag and x G X. Now suppose that <^Xi)ai = 0, where Xi G X, G A. Then 

'^ii'ixi tti) = 0. Since ip is bijective, we obtain ® = 0. Therefore = for all 

i. Hence the above mentioned family is a basis of the right A-module A kX. (There is a 
shorter and indirect proof of this fact by using that is an isomorphism of A-bimodules, 
and {x ® 1a\x & X} is a basis of the right A-module kX (8> A.) 
Finally, suppose that J2i^x, ^a y,n G MU(^A®kx)N . Then 

^ m^^ ®A 1a ® Xi ®A y,n = ^ m^^ 1a ® Vi ^a y,n. 

i i 

Hence (the right A-module A kX is free), Xi = yi for all i, and MU(^A®kx)N C M®aN. 
The other inclusion is obvious. 

(2) It suffices to show that the map M®aP M®aP ®A' {A' ® kX') defined by 

^m^®AxP^ — ^ 5Z \^^^®Axp\ ®A' {'^A' ®x'), 

xGF x'£X' ^ xeF ' ^' 

where F is a finite subset of X, makes commutative the following diagram 
^ M®aP ^ M ®A P 

^ i(S) A/(A'iSkX') , 

^ M®aP ®a' (v4' ® kX') >- M ®A P ®A' (A' ® kX'). 

That is clear since (Y^xeF^^ ®^ ^-P)^' = Y.xeF^'^ ®a {xP)x' = Y.x&f^^ ®aP{x,x'), where 
P = T.x&F^P- n 

Let A = A® kX be the X x X-graded {A, yl)-bimodule associated to the {A ® kX) — 
{A ® A;X)-bicomodule A ® kX. It is clear that —®aA = — □(A(g)A:X)(^ ® kX) ~ lgr-{A,G,x) 
and then A is isomorphic as a bigraded bimodule to Del Rio's "A" (see Subsection 11.5.31) . 
The gradings are A^ = A ® kx, and xA = - at ® Xi \ Xig^^ = x,yi,\/g G G : (aj)^ 7^ 0} 
(x G X). 
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Proposition 2.5.6. [HSl Proposition 1.3, Corollary 1.4] 

(1) The following statements are equivalent for a k-linear functor F : gr — {A, X, G) 
gr-{A\X\G'). 

(a) F has a right adjoint; 

(b) F is right exact and preserves coproducts; 

(c) F —®aP for some X x X' -graded (A, A')-himodule P. 

(2) A k-linear functor G : gr — {A', X', G') —>■ gr — {A, X, G) has a left adjoint if and only 
if G ^ H(Pa', — ) for some X x X' -graded (A, A')-bimodule P. 

Proof. (1) (a) =^ {b) Clear, (b) =^ (c) It follows from Theorem 12.1.131 and Lemma [2.5.5[ 
(c) =^ (a) Obvious from the above mentioned result. 

(2) It follows from (1) and Proposition 1 1 . 5 . ITI □ 

Lemma 2.5.7. Let P be an X x X' -graded {A, A')-bimodule. 

(1) II(P4/, — ) is right exact and preserves direct limits if and only if xP is finitely generated 
projective in M.a' for every x & X . 

(2) Suppose that xP is finitely generated projective in M.a' for every x & X. 

(a) For every k-algebra T, 

Tz,M : Z ®T H(Pa', M) }1{Pa', Z ®t M) 

defined by 

Tz,m(2; ®T f ){p) = ^Z0T fxixP) 

{z E Z, f = J2xex ^ H(Pa', M),p = J2xex xP & P), is the natural isomorphism 
associated to the functor (see Section l2J\) 

H(P^,, -):gr- (A', X\ G') ^ gr - (A, X, G). 

(b) Moreover we have the natural isomorphism 

r]N : N^A'HiPA', A') H(P^,, N) 

defined by 

VN{nx' ®A' x'f){p) = ^nx'5{{lA' 'S)X') ®a' f{x',x)ixP)) 

xex 
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(Ux' € Nx'jx'f € 2:'H(Pa', = '^x&x^P ^ '^here 6 is the cointegral in the 

coring A' kX' defined in the beginning of this subsection. The left grading on 
B.{Pa',A') is given by 

x>R{Pa',A') = |/ G 11{Pa',A') I A^A'r^kX'){f{p)) = Vp G p] 

x&X J 

(x' G X'). 
Proof. (1) We have 

H(Pa', -) ^ e.ex Homg,_(^,,x',G')(x.P, -) ■ gr - {A', X', G') Ab. 

Hence, B.{Pa', — ) is right exact and preserves direct hmits if and only ifB.omgr-(A',x',G'){xP, —) 
is right exact and preserves direct hmits for every x G X if and only if is finitely gen- 
erated projective in Ma' for every x G X (by Proposition [LLSTI and Lemma [1.1.611 (3)). 

(2) (a) Let T be a fc-algebra. Let M be an Xq x X'-graded T — A'-bimodule, where Xq 
is a singleton, Z he a right T-module, and x E X. We have a sequence of T-submodules 

H(Pa',M),. < H(Pa',M) < }iomgr-iA',x',G')iP,M) < r^iomA' {Pa^ , M) , 

and the induced structure of left T-module on H(P^',M) is the same structure (see Sec- 
tion [2ll]) of left T-module associated to the functor H(Pa/,— ) on it. Moreover, we have 
the isomorphism of left T-modules B.{PA',M)rc — B.omgr-(^A',x',G'){xP, M). From Lemma 
11.1.721 (4), for every x G X, there is an isomorphism 

r]^: Z^T Hom^/ (^P, M) Hom^' {^P, Z M) (2.6) 

defined by r]x{z ®t Ix) ■ xP ^ z ®t 1x{xP) {z G Z, 7^. G HomA'(xP, M)). For every x G X, 
rjx induces an isomorphism 

: Z }iomgr-(A',x',G'){xP, M) }iomgr-(A',x',G')ixP, Z®tM) . (2.7) 

Now let us consider the isomorphism 

iz,M ■■= ©.ex Vx ■■ Z ®T H(P^,, M) ^ H(P^,, Z M) . 

We have r]'z^M{z ®t f){p) = Exex ^ fx{xP) {z e ZJ = Exex ^ H(P^,,M),p = 
J2xex ^ verify easily that t^^m a morphism of right A-modules. Hence 

it is a morphism in gr — (A, X, G). It is clear that ^7^^,/ is natural in Z, and ?7^jvf makes 
commutative the diagram fl2.ll) (see Section [2. II) . Finally, by Mitchell's Theorem 12.1.11 

(b) To prove the first statement it suffices to use the proof of Theorem I2.1.13[ the 
property (a), and the fact that every comodule over an A-coseparable coring is A-relative 
injective comodule (see Proposition 1 1 . 2 . 1 51) . 
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Finally, we will prove the last statement. We know that -^hcp^/ a') defined to be the 
unique A'-linear map making commutative the following diagram 

H(Pa', ^0 "-^^ A' 0A' H(Pa', ^0 • 

}i{PA',A'0A' A') 

On the other hand, for each x' E X', ^'R^Pa' , A') = {/ G H(Pa',^') | -^h(p^, a^)(/) = 

® x') 0A' /}• Since T^;^; is an isomorphism, x'}i{PA',A') = {/ G II{Pa',A') \ 

A(A'cg,fcX')(/(p)) = (U' ® x') IS) A' Exex f^Up) all p G P}. □ 

Remark 2.5.8. Let S be a finitely generated projective right A-module, and M be a right 
A-module. It easy to verify that the map a-^^M '■ HomA(S, M) M ®a ^* defined by 
Q;s,m(v^) = ®^ where {ei,e*}i is a dual basis of S, is an isomorphism, with 

«e,m("^ ®a f){u) = mf{u) {meMJ e E*,u e S) 

Now we assume that the condition of Lemma 12.5.71 (2) holds. It is easy to verify that for 
every x G X , r]x = ci~p^z®tM ° ®t c^^p^m), where rj^ is the isomorphism (12.61) . Therefore 
Vx^ = {Z®Ta';p^M)°(^.P,z®TM- Hence ^-^[^{g) = ^^^^ Eie/.(^®ra;p,Af)(£/^(ex,i)®A'e;,J, 
where {cx^i, e*xi}i(^i^ is a dual basis of G X), and g = Xl^ex 9^ ^ ^{Pa', Z ®t M). 

Finally, for each N E gr - (A', X', G'), 

r/^i : R{Pa', N) N0A'}i{PA', A') 
is T]^^ = T^^^ o H(Pa', Pat), and then 

Vn\^) = 5Z 5Z XI ^A' ip'{x' ® el^ii-)), 

x&x ieh x'&x' 

where (p = Y^xex '^^ ^ B.{Pa',N). 

In particular, if X' = G' = {e'}, then 

r/^i : R{Pa', N) N (^a' H^Pa', A') 

is defined by 

Lemma 2.5.9. (1) Let N e a' M^'^''^ . Then N is quasi-finite as a right A®kX -comodule 
if and only if is finitely generated projective in a'-M, for every x E X . In this case, 
the cohom functor hAi^kx{N, —) is the composite 

_^Ac,kx -^gr- {A, X, G) ^ Ma' , 
where P is the X x X'^-graded A — A'-bimodule B.{a'N, A') with Xq is a singleton. 
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(2) Now suppose that N G Ji4^®f^^ ^ and is finitely generated projective in a'-M., 

for every x G X. Let {e^^^j, e* be a dual basis of {x G X). Let P be the 

bigraded bimodule defined as above, 6 : —®aP ®A' N be the unit of the 

adjunction {—(^aP, — ®a' N), and let M E gr — (A, X, G). 

We can endow P with a structure of X x X' -graded A — A' -bimodule such that 

hAmx{N, -) - -^aP : gr - {A, X, G) gr - {A', X', G'). 
The A' ® kX'-comodule structure on P , 

pp:P^P0A' (A'^kX'), 
is defined to be the unique A'-linear map satisfying the condition: 

^pp(ae*^j) ®A' ex,i = X] "^^-^ ® ^'^ ^^^^i)^'^ (2-8) 

for every a G A, x G X. 

Proof. (1) It follows from Lemma 12.5.51 (2), that the functor F := —®a'N : M.a' = 
gr — {A', Xq, G') ^ gr — (A, X, G), where Xq is a singleton, is the composite 

Ma' = gr- {A', Xi G'-f-^M^^^"" -^gr- {A, X, G) . 

Then, X is quasi-finite as a right A ® /cX-comodule if and only if F has a left adjoint, if 
and only if (by Corollary 12.5.61 (2)) there exists an X x Xg-graded A — A'-bimodule P such 
that F ~ B.{Pa', — ), if and only if (by Lemma [2. 5. 7[ Lemma F2.1.8[ Theorem I2.1.13P there 
exists an X X Xp-graded A — A'-bimodule P such that xP is finitely generated projective 
in Ma' for every x G X, and X ^ H(Pa', A') in A' M^^''^ . 

Now let us consider the X x Xg-graded A — A'-bimodule P := B.{a'N,A'), and the 
X' X X-graded {A', 74)-bimodule M := B.{Pa', A'), where Xq is a singleton. We have 

M = {/ G P'VixP) = for almost all x E X} 

Mx = {fe P*\f{yP) = for all y G X - {x}} {x G X), 

where P* = Hom^/(P^/, A'^,). The structure of A'— A-bimodule on P* is given by {fa){p) = 
f{ap), ia'f){p) = a'fip) (/ eP*,ae A, a' G G P). We have 

M<{P*)a, Mx<M<a'{P*), and ~ (,P)* in (x G X). 

Analogously, 

P = {f e *N\f{Nx) = for almost all x G X} 
xP = {fe *N\f{Ny) = for all y G X - {x}} (x G X), 
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where = Hom^/(^/A^, ^/A'). The structure of A — A'-bimodule on is given by 
(a/)(n) = /(na), (/a')(n) = a'f{n) (/ e*N,ae A, a' eA',ne N). We have 

P<a{*N), xP<P<{*N)a', and ,P ~ *(iV,) in (x G X). 

Hence, is finitely generated projective in a'M., for every x & X imphes that is 
finitely generated projective in A4a', for every x E X, which implies that Mj. is finitely 
generated projective in a'-M, for every x G X. 

Finally, let us consider for every x G X the isomorphism of left A'-modules 



: X. 



{.py 



We have H^{n^){-f) = -f{n^) if 7 G ^^.P, and H^{n^){-i) = if 7 G yP and y e X - {x}. Set 

It can be proved easily that if is a morphism of right A-modules. Hence it is an isomor- 
phism of graded bimodules. 

(2) We have {e* j, (Tx{Gx,i)}i£i^ is a dual basis of *{Nx) — xP, where ax is the evaluation 
map {x G X). From the proof of Lemma [2. 5. 6 1 and Remark l2.5.81 the unit of the adjunction 
{-^aP, -®a'X) is Om ■■ M M®aP®a'N, eMijn) = ^^^^ ^.^^^ mx0Ae*x^,®A'ex,i (m G 
M). The coaction on hA^kxiN, M) = M®aP- Pm%aP ■ M®aP ^ M®aP ®A' {A' ® kX') 
is the unique A'-linear map satisfying the commutativity of the diagram 



M- 



8m 



eM 



M®aP ®a' X 



M®aP ®a' X ^ M®aP ®A' {A' ® kX') ®a' X. 

(See Section O) Since {A ® kX)®AP ~ P as (A kX) - A'-bicomodules, P can be 
endowed with a structure of (A®/cX) — (A'(8>A;X')-bicomodule such that {A^kX)®AP — P 
as {A kX) — (A' ® A;X')-bicomodules. Moreover, the right coaction on P, pp : P ^ 
P ^A' {A' ® kX'), is the unique A'-linear map satisfying the commutativity of the diagram 



C^aP ®a' X ■ 



P ® A' X 

P (S)A' ^' ® A' X, 



^®aP ® A' X ^ (T® aP ® A' ^' ®A' X ■ 

where = A®kX and €! = A'^kX' . The commutativity of the above diagram is equivalent 
to the condition ([^IHD- Finally, By Theorem[2IIII3, h^^^xlX, -) ~ -^A{{A®kX)%AP) ^ 
-0aP- □ 

Now we are in a position to state and prove the main results of this section which 
characterize adjoint pairs and Frobenius pairs of functors between categories of graded 
modules over G-sets. 
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Theorem 2.5.10. Let M be an X x X' -graded (A, A')-himodule and N an X' x X-graded 
{A' , A)-bimodule. Then the following are equivalent 

(1) {—®aM^—®a'N) is an adjoint pair; 

(2) [N®A~,M®A'~) is an adjoint pair; 

(3) N.J. is finitely generated projective in a'-M., for every x E X, and B.{a'N,A') M as 
X X X' -graded A — A'-bimodules; 

(4) there exist bigraded maps 

ip : A^ M®A'N and u : N®aM A', 

such that 

{u^A'N) o {N®A'4^) = A and (M®^/cj) o (?/>®^M) = M. (2.9) 

In particular, (— (8>^M, —^a'N) is a Frobenius pair if and only if (M®^/— , A^®a~) is a 
Frobenius pair. 

Proof. We know that the corings A kX and A' kX' are coseparable. Proposition 12.1.181 
then achieves the proof. □ 

Theorem 2.5.11. Let G and G' be two groups, A a G-graded k-algebra. A' a G'-graded 
k-algebra, X a right G-set, and X' a right G'-set. For a pair of k-linear functors F : 
gr - {A, X, G)^gr- {A', X\ G') and G : gr - (A', X', G') ^ gr - {A, X, G), the following 
statements are equivalent 

(a) {F,G) is a Frobenius pair; 

(b) there exist an X x X' -graded {A, A')-bimodule M, and an X' x X-graded {A',A)- 
bimodule N, with the following properties 

(1) J.M and is finitely generated projective in M.a' and a'-M. respectively, for ev- 
ery X G X, and M^r and ^'N is finitely generated projective in a-M. and M.a 
respectively, for every x' G X' , 

(2) B.{aM,A) ~ X as X' X X-graded {A' , A)-bimodules, and 
H(a'X, A') ~ M as X X X' -graded {A, A')-bimodules, 

(3) F ~ -%aM and G ~ -®a'N. 

Proof. Straightforward from Theorem 12.1.211 □ 
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2.5.3 When is the induction functor T* Frobenius? 

Finally, let / : G — >■ G" be a morphism of groups, X a right G-set, X' a right G'-set, 
ip : X ^ X' a map such that (p{xg) = ip{x)f{g) for every g E G, x E X. Let A be a 
G-graded fc-algebra. A' a G'-graded fc-algebra, and a : A ^ A' a. morphism of algebras 
such that a{Ag) C ^/(g) for every g E G. 

At first we recall some functors from [65] and [671 Theorem 2.27]. 

Let %:gr- {A\ X', G') ^ gr - (A, X, G) be the functor defined by 

T,(M) = 0M^%), 

xex 

for M e gr- {A', X', G'), where M^^^^ = M^(^.) for every x eX. 

Set = m for m G M^(3.) and x G X. The right A-action on T^,(M) is defined by 

m''.ag = {ma{ag)y^ 

for all (7 G G, X G X, G A^, m G M<^(2.). 
Moreover, we have for every x G X, 

(T,(M)), ^ Yiomgr-iA',x',G'){A\^{x)),M). 

Hence, 

T,(M) ^ 0Hom,,_(^,x',G')(^'(</'(^)),^)• 
x•ex 

The functor T^^ is a covariant exact functor and has a left adjoint T* . We will recall the 
definition of this functor later. 

Now, we define another functor T : gr — (A, X, G) ^ gr — (A',X', G'). For every 
Legr-{A,X,G), 

TiL) = (T(L)).,, 
x'ex' 

where 

(T(L))^/ = Hom3r_.(^,x,G)(7'*(v4'(x')),I^). 
Let g' G (7',a;, G 4„x' G X',^ G (f (L)),,. Set 

where Aq' : A'{x'g') A'(x') is the left multiplication by a' , on A'. 

The functor T is a right adjoint of T*. Then T is left exact. 
For more details we refer to [65j. 

Theorem 2.5.12. [63 Theorem 2.27] 

The functors T* and T are isomorphic if and only if the following conditions hold: 
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(1) for every x' G X' , T*(A'(x')) is finitely generated and projective in M.a', 

(2) for every x G X, there exists an isomorphism in gr — {A' , X' , G') 

9, : A'{^{x))-^f{A{x)) 

such that 

{{e^,{l)){a')).a = {e^,ma'.a{a)) 
for every Xi,X2,y E X,ae A{x2)xi,a' G A'{(f{xi))^^y). 

We have, 7 : kX — > kX' such that 7(x) = (p{x) for each a; G X, is a morphism of 
coalgebras, and (0,7) : {A, kX^ip) — > {A\ kX\ip') is a morphism in E*(/c). 

Let — ®A A' : gr — {A, X, G) ^ gr — {A\ X', G') be the functor making commutative 
the following diagram 

gr - {A, X, G) ^ gr - {A', X', G') 

M{kG)Y ^ MikG'ff. 

Let M e gr - {A, X, G). We have M ®a A' is a right A'-module, and 

p(m^ ®A a'g') = {m^ ®A a'^,) ^{x)g' . 

Therefore, (M ®a A')^' is the /c-module of M ®a A' spanned by the elements of the form 
rrix ®A d'g, where x G X, (7' G G', f{x)g' = x', G M^, a'^, G A'^,, for every x' G X'. 

Therefore, the functor - (g)^ A' : ^(r - (A, X, G) ^ gr - (A', X', G') is exactly the 
induction functor T* defined in (or [671 p. 531]). Hence T* is a Frobenius functor if 
and only if the induction functor — ®a A' '■ M^®^'^ j^A'mx' jg ^ Frobenius functor 
(see Section [231). 

Moreover, we have the commutativity of the following diagram 

(G, X, A) - gr i^^Z^" (g", X', A) - gr 

kX®Aj^ ^ fcX'(g)A'_y^ 

A(g.A:X_y^ ^'"^^^ ^ A'®fcX'_y^ 

The following consequence of Theorem 12.4.61 and Theorem 12.5.121 give two different 
characterizations when the induction functor T* is a Frobenius functor. 
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Theorem 2.5.13. The following statements are equivalent 

(a) the functor T* : gr — {A, X, G) ^ gr — {A', X', G') is a Frobenius functor; 

(h) (T*{A))xi is finitely generated projective in aM., for every x' G X' , and there exists an 
isomorphism of X' x X graded {A' , A)-bimodules 

HUr*(l),A)^(T*)'(A). 

As an immediate consequence of Proposition 12.3.81 we obtain 
Proposition 2.5.14. The following are equivalent 

(a) the functor T* : gr — {A, X, G) ^ gr — {A', X', G') is a Frobenius functor; 

(b) the functor (T*)' : (G, X, A) — gr ^ (G", X', A') — gr is a Frobenius functor. 
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Chapter 3 

Comatrix Coring Generalized and 
Equivalences of Categories of 
Comodules 



3.1 Comatrix coring generalized 

In this section we generalize the concept of a comatrix coring defined in [16] and 
the case of a quasi-finite comodule, and generahze some of its properties. 



to 



The conjunction of Proposition 12.1.1^ and the following result generalizes [El Theorem 
2.4]. 

Theorem 3.1.1. Let X E '^Ai^ and A G ^Ai'^. Assume that at least one of the following 
conditions holds 

(1) (a) A^, bS), andDs are flat, 
(h ) and j)A are coflat; or 

(2) A and B are von Neumann regular rings; or 

(3) A^, are fiat, and (t and D are coseparable corings. 
If there exist bicolinear maps 

ip -.t^ XDx)A and u : AU^X D 
in '^M.'^ and ^Ai^ respectively, such that the diagrams 

A ^ -ADcC X -CDffX (3.1) 



2)n 



A. 



-^ADcC 
■ADeXDsA XD^D 



^€.n^x 

XDsADcX 
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commute, then AH^X is a B -coring with coproduct 



{KU^X) ®B (ADffX), 

and counit e — e'^o u : AOffX ^ B ■ 

Proof. By the bicolinearity oi ip, we have the commutativity of the two diagrams 

(3.2) 




(XDsA) 



{XD^A)n<c€- 



(xnsA)n£V 



(xn2)A)n£(xnsA) 




(3.3) 



(xn^A) 



(2:ne:(xn2,A) 



■i/'n£'!/')°^£ 



V'ne(xn33A) 

Therefore, we have the commutativity of the diagram 



(xnsA)ne:(xnsA). 



AD^X 

AD<r€DcX 

(An«:X)ns,(AncX) 



(An£X)ns(AnccX) 



(An£e:ne:X)ns(An£X) 



(Ane:X)ns(AncX)ns,(Ane:X) 
(Ane:X)nj,(An£cncX). 

Hence the coassociative property of A follows. On the other hand, if we put 
i : (Ane:X)ns(Ane:X) ^ (An^X) ®b (AD^X) 
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the canonical injection, we have, 
= [eg ®B (ADcX)] o o (cjnj,(Ane;X)) o (ADcV^DcX) o [An^X- 



-ADcCDcX], (3.4) 



where i' : S)nj)(An(j;X) "—>■ D (8>b (ADcX) is the canonical injection. 
The first diagram of (13.11) is commutative means that the diagram 



ADp-C- 



■Ane:(Xnj,A) 



□a A 



■DDsA 




commutes. The composition of morphisms 

A^^ADeC^^A^^DDsA^ 



.2) A^^^£^5 ®B A 



is exactly the morphism [A i-^ 1b ®_b A]. Then, 

(EaD = [ ^ Ai ®^ ^ 1b ®b ( a, ®^ Xi) 



Analogously, by using the commutativity of the second diagram of (13. ip . we complete the 
proof of the counit property. □ 

Let X G '^M.^ be a bicomodule, quasi-finite as a right S)-comodule, such that b'^ is 
flat or € is a coseparable A-coring. Let T be a fc-algebra. 

We will give an other characterization of the natural isomorphism (see Section [27111 : 



hj,(X, - ®T -) 



associated to the cohom functor hx)(X, — ) : 7W® M^. 

Let 9 : 1_X4S — > hx){N, — ) 0^ X be the unit of the adjunction (hj)(X, — ), — ®a N). 
Let M e '^A^® and W G Since the functors hj,(X, -) : -> and - X : 

M.^ — > A^® are fc-linear and preserve inductive limits, then the functor hxi(X, — ) N : 
is also fc-linear and preserves inductive limits. By Lemma [2.1.91 (1), 9m is a 
morphism in '^Ai^. Deflne 

^W,M '■ hx) (X, W(»tM)^W®t hj,(X, M) 
to be the unique morphism in A^"^ satisfying {E^^m ®a N)9\Y(^tM = W ®t 9m- We have 



pw^Th^{N,M) ®aN-{W ®t hs(X, M)) ®A A^ (W^ ®t 9m 



W 



(phs,WA/) ®A Ar-hs,(X,M) ®A A^)^M =0. (3.5) 
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Then lm{W ®t0m) C {W ®t^ti{N, M)nirN, and by Lemma [1.4.51 'E.^/^m is a morphism in 
Ai'^. Now we will verify that H_ jvf is a natural transformation. For this, let / : ly — W 
be a morphism in A4^. We will verify the commutativity of the diagram 



h^{N,W®T M) 



hs,(Ar, W' ®T M) 



W ®T hs(A^, M) 



Since ^ is a natural transformation, the diagram 



W ®T M - 

W ®tM- 
commutes. Then, we have 

{^w'M^^iNJ ®T M)) ®aN 



■hs(A^, W Ot M) ®aN 



9 



w®tM = C^WM ®A N) (hj,(A^, / Ot M) IS) a N)9w«,tM 

= (W 9M)if M) 

= {f ^Ths{N,M)(^AN){W (^t9m) 

= (/ ®T hs,(Ar, M) ®A N) {Ew,M ®A N)9w®tM 



W,M 



N 



9 



By uniqueness, SvK',Mhj)(A^, f ®t M) = {f ^t^^{N, M))Ew,m- Finally, we will verify that 
TTt.m = i.e. Et^m satisfies the commutativity of the diagram 



hj){N,T(g)T M) 



hs(iV,M) 

(the canonical isomorphism T ®t M — is an isomorphism in M.'^) 
natural transformation, the diagram 



T®tM- 



■hs{N,T®T M) ®aN 



M- 



•hj,(Ar, M) ®aN 



Since 6' is a 
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commutes. It follows from the commutativity of the last diagram and the fact that 9m is 
T-linear, that the following diagram is also commutative 

ft 

T®tM ^ hj,(Ar, T ®T M) ®A N 

T (g)T h^{N, M) ®A N ^ ^ hs(A^, M) ®a N. 

By Corollary I2.1.2[ S^/.m is an isomorphism, and by Mitchell's Theorem 12.1.11 Tw,m = 

We obtain then the following generalization of [911 1.6]: 

Proposition 3.1.2. Let N G ^A1® be a bicomodule, quasi-finite as a right D-comodule, 
such that b5) is flat or € is a coseparable A-coring. Let 9 : hj)(A^, — ) ®^ 

be the unit of the adjunction (hxi(A^, — ),— N), and let T be a k-algebra. If _ : 
— h2)(A^, — ) h^{N, — ®T ~) is the natural isomorphism associated to the cohom 
functor hj)(A^, — ) : Ai^ — * ^A^, then Tw,m = '^wm^ where 'Ew,m is defined as above. 

As a consequence of the last result we get the following generalization of [HH 1.13]. 

Proposition 3.1.3. Let N G '^M.^ be a bicomodule, quasi-finite as a right D-comodule, 
such that b'D is flat. Suppose that a^ is flat (resp. A^'^ is an abelian category). Let 
9 : Ij^'D — > hxi(A^, — ) ®A N be the unit of the adjunction (hxi(A^, — ),— ®a N). If the 
cohom functor hj)(A^, — ) is exact (resp. D is a coseparable B-coring), then the natural 
isomorphism 5 (see Corollary \2.1.1(^) : 

hj,(Ar, -) ^ -□j,hs(Ar, D) : >1® ^ 

satisfy the property: 

For every M G M.^ , 6m '■ hxi(iV, M) — > M\I\^h.^{N,D) is the unique right A-linear 
map satisfying 

(5m ^a N)9m = {Mn^9^)pM. 

Proof. Let M G A^®, we have (Sm,d®a-^)^m®sX> — M®b9's. On the other hand, since 9 
is a natural transformation, {^m,d®aN)9m®b'sPm = {^m,'S®aN){\1'X){N,pm)®aN)9m = 
{iSm ®a N)9m, where i : MDx)h.^{N,D) ^ M ®b h.^{N,'D) is the canonical injection. 
Therefore, {i ^a N){6m ®a N)9m = {M ®b 9'S))pm- Since i ®a N is a. monomorphism (^A^ 
is flat), {5m ®a N)9m = {MU^9^)pm. □ 

Now we will give a series of properties concerning our comatrix coring. 

Proposition 3.1.4. Let A G ^M.'^ be a bicomodule, quasi-finite as a right <E-comodule, 
such that A<t and are flat. Set X = h^{A, €) G ^M'^. If 

(a) (Ea andDs are flat, the cohom functor \i^{K, —) is exact and is coflat, or 
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(b) A and B are von Neumann regular rings and the cohom functor h£(A, — ) is exact, or 

(c) C and T) are coseparable corings, 
then we have 

(1) 5a : e(r(A) ^ AD^X is an isomorphism of B -corings; 

(2) ° hir(A, Aa) = uj o Sa : e£(A) s-J) and u : AOq-X ^ D is a homomorphism 

of B-corings, where Aa : A ^ DD^A is the left coaction of A, x the counit of the 
adjunction (he;(A, — ), — D^jA), and uj is the unique D — D-bicolinear map such that 
(13. 7p is the counit of the adjunction (— □e;he;(A, C), — DjjA). 

Proof. Let 9 : h£(A, — ) ®b A be the unit of the adjunction (he;(A, — ), — (S)b A). 

(1) By Theorem he;(A, -) ~ -D<cW{A, H). In the first case, he;(A, €j is coflat as 
a left £-comodule. By Proposition 12. 1. 1^ 0£ : ^ he;(A, €)nj)A is a £-bicohnear map. 

From Proposition 13 . 1 .3"! for every M G TVI'^, we have a commutative diagram 

M ^ MDcC 

hc(A, M)n^A ^^^^^^ . MUeM^, 
From Lemma [2. 1.171 the unit and the counit of the adjunction (— □£h|i;(A, (t), — DxiA) are 
r] : Im^^^ - Dgg '^"^^ ^ - □(£he;(A, €)n^A (3.6) 



and 



e : -□j,An£hc(A, €) - □i,D^--l;vii' • (3.7) 



To show that 6x is a homomorphism of i?-corings, it suffices to prove (see Proposition 
OH): 

(5a ®b 5a 0b A) o (ec(A) (g)B ^a) o 

= (ADc^cDcX ®B A) o [ ADcX ®b A ADcCDcX ®b A ] o (5a ®b A) o Oa, (3.8) 

and 

(es ®B A) o (cj 0B A) o (5a ®b A) o ^a = [A^^B^b^]- (3.9) 
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Now we will prove (8). We have, 

(^A ®B ®B A) o (ee;(A) ®B ^a) o = 5a ®B ((5a ®B A) o ^a) o^a 

= (ADcX) Ob ((^aOb A) o^a) o (5a Ob A) o ^a 

(ADcX) ®B ((ADc^c) o pa)] o (ADc^c) o 

(using Proposition 13. 1.3p 

= (ADcX ®B Ane;6'e;) o (AD^X ®b Pa) ° (Ane;6'e;) o ^a- 

(3.10) 

On the other hand, by Proposition 13.1.31 

{ADs:9e.n^X A) o [ AD^X 0^ A ADeCDeX A ] o (5a A) o 6'a 

= (ADc^eDeX ®ij A) o [ ADcX A An^(tD^X Ob A ] o (ADc^c) o pA- (3.11) 

Now, by Proposition 12.1.121 : C — > h|i;(A, (t) A is C-bicolinear. Then 6ir makes 
commutative the diagrams fl3.2p and 03.31) (by replacing ip by 9^). Hence (10) = (11). 
Finally, we will prove (9). 

(ej,®BA)o(u;®BA)o(5A®BA)o^A = (e® ®b A) o (cj ®b A) o (ADc^c) o pA 

(using Proposition 13. 1.3p 
= (cd (g)B A) o Aa 

(using the first equality of fl3.ip ) 

= [A^^B0bA]. 



(2) Since 5 is a natural isomorphism, the diagram 

<5a 



MA,A) — 

V(A,Aa) 

h£(A,Dnj,A) 



AD^X 



{Dn^A)DeX 



is commutative. The counit of the adjunction (he;(A, — ), — DjiA) is 



hc(A,-nj,A)- 



- □jjADeX- 



I J, a; 



©□dS) S) ] o (DDdcj) o (AaOcX) o 6a 



(3.12) 



Then, o he;(A, Aa) 

Since a; is left X)-cohnear, and Aad^x = AaDcX, and from the commutativity of the 
following diagram 



ADcX Dns,(Ane;X) 



S ®B (ADcX) 



■D ®b2) 



■2) 
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Xs) ° ^^(A, Aa) = uj o S/^. Finally, by Remark ll.4.12[ it is a homomorphism of 5-corings. 
Hence, uj is also a homomorphism of 5-corings. □ 

Corollary 3.1.5. Let C be a coalgebra over a field k, and let A G A4'-' be a quasi-finite 
and injective comodule. Then ec(A) ~ A.\3c\ic{A.,C) as coalgebras. 

Example 3.1.6. Let and ^2? be flat. Let {f,p) : C ^ 2D be a homomorphism of 
corings. Suppose that Ca and Db are flat and ®a ^) is coflat, or C and D are 
coseparable corings. Then, we have (— ^a -B,— □x)(i? ^a ^)) is an adjoint pair, and 
— (8>A B ^ — □e;(Ccg>A B) (see the proof of Theorem 12.3.11) . By Proposition 11.5.51 the 
comatrix coring {B ®a □(>;(€ ^a B) (~ e^{B ®a ^)) is isomorphic (as corings) to the 
coring B^LB (see Example 03 (3)). 

Now, we need the left-handed version of Corollary 12.3.71 

Lemma 3.1.7. [18, 27.13] 

Let €, be an A- coring and T = €* . Then the following statements are equivalent 

(a) (t is a Frobenius coring; 

(b) ^A is finitely generated projective and € c:^ T as {A° ,T)-bimodules, such that (t is a 
right T-module by c.t = t(c(i)).C(2), for every c G C and t eT. 

Theorem 3.1.8. Let a*^ be flat. Let A G bJ^'^ be a bicomodule, quasi-finite as a right 
^-comodule. Set X = h(r(A, €) G '^M.b- If is flat and the cohom functor h£(A, — ) is 
exact, or if € is a coseparable coring, then we have 

(1) The functor —®b A : M.b ^ J^'^ is separable if and only if the comatrix coring ADirX 
is a cosplit B-coring. 

(2) If the cohom functor hgi{A, —) is separable then the comatrix coring AdirX is a cosep- 
arable B-coring. 

(3) If — ^b A : JUb ^ -M^ is a Frobenius functor, either Xb is flat and A^ is coflat or 
C is coseparable, and if for all f G (ADg^X)* and all b E B, bH{f) = H{f)b, where 

H : {AdirX)* ^ADffX is the isomorphism defined by (13.151) (this is the case if 

AD^X is a coalgebra (i.e. B = k)), then the comatrix coring An^X is a Frobenius 
B-coring. 

Proof. (1) Let u : ADcX B the unique 5-bilinear map such that 

e : - (E)B ADehei^X)—^^^ - (^b^^^Imb (3-13) 

is the counit of the adjunction (— □£hi2;(A, C), — ®b A). We have, CADgX = uj. By Lemma 
12.1.171 and Rafael's Proposition ll.l.53| the functor — ®b A : A4b — ^'A^'^is separable if 
and only if there exists a S-bilinear map u' : B AOtrX satisfying u o u' = 1b- Hence, 
(1) follows from the definition of a cosplit coring. 
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(2) We know that the unit of the adjunction (— □(rhe;(A, C), — ®5 A) is 



7] : 1 



- □che(A,G:) Ob A. 



(3.14) 



By Lemma 12.1.171 and Rafael's Proposition 11.1.53^ the cohom functor is separable if and 
only if there exists a € — £-bicolinear map ip' : h^{A, ®s A — > € satisfying ip' o 6(r= 1^. 
We have, Aao^x = (AD^O^DeX) o [ AD^X ADc^DcX ]. 
Let / = [ ADcCDcX AD^X ] o (ADe^'D^X). We have, / o A^n^x = Un^x, 



and 



Aad^x o / = [[ An^(t A ] o (ADc^')] Ucliil^U^X) o [ x (LU^X ]] 



AADeX o / = [(ADe:^) o [ A ^ AU^^ ]] U^[[ €n^X ^ X ] o {i^'U^X)] 
= (ADcX ®ij /) o (Aad^x ®b ADcX). 

From the definition of a coseparable coring, AH^X is a coseparable coring. 

(3) We will prove it using Lemma 13. 1.71 Set T = (ADcX)*, A = AaDj-x and e = caDj-x- 
At first from Theorem 12.1.211 (X ®_b — , ADg:— ) is a Frobenius pair, and then AD^X (S)^ — 
is a Frobenius functor. Hence (AnirX)^ is finitely generated projective. 
Let us consider the isomorphism 



H : T e£(A)* ^ Ende;(A) 



■ Home;(5 ®B A, A) HomB(5, ADeX) AD^X , 



where 4>a,b '■ ee;(A)* ^ Endir(A) is the canonical ant i- isomorphism of rings defined in 

Proposition 11.4.91 Then, (by using the following consequence of Proposition 13.1.31 A = 

[{5a (^B A)eA]n^x),ioi f eT, 



H{f)= {<j)AAf^A)[B^BA^A])neX 



= [ B 0B AD^X AD^X ]{f ®B ADeX)A[ B 0B AD^X ADeX ]^b{Ib), (3.15) 

where ^ : Imb ^ — ®b AD^X is the unit of the adjunction (— ®b A, — D^X). 
Now, let /, f e T, 0a,b(/ n = <pAAf'SA)Mf'SA)- 

HU*^r) = {Mf'SA)OcX){H{f)) 

= [B®B ADcX ADeX ](/' (g)B AneX)A{H{f)) 



= H{f).f. 



145 



Finally, let / G T, 6 G -B and let : B ^ T be the anti-morphism of rings defined by 
ij^(b) = e{h-) for B eB (see Proposition 03] (1)). 



H{b.f) = H{in{b) *^ /) 



</'A,ij(/5A)0A,B itR{b)6^) [ A ^ 5 ®B A ] ) DcX 



On the other hand, 



^A,BMb)5A)DeX =[B(g)B AD^X AD^X ] (e(6-) 0b ADeX) A 

Hence = □ 

The last result is a generalization of Theorem 3.2(1), Theorem 3.5(1)]. 

Corollary 3.1.9. Let bMa be a {B, A)-bimodule such that Ma is finitely generated pro- 
jective. Then 

(1) aMb is a separable bimodule if and only if the comatrix coring M* ®b M is a cosplit 
A-coring. 

(2) If M is a separable bimodule, then the comatrix coring M* ®b M is a coseparable 
A-coring. 

(3) If M is a Frobenius bimodule, then the comatrix coring M* ®b M is a Frobenius A- 
coring. 

Proof. Define xIj : B ^ M®aM* by b ^ YJ'i=i be^®e* = J2ti ei(^e*b, where {d, e*}i6{i,...,,} 
is a dual basis basis of Ma, and u : M* ^BM^Ahjip®m\-^ ip{m) (the evaluation 
map). Then {A, B, aMb, bMa,uj,iIj) is a comatrix coring context (see Example 11.2.21 (5)). 
From Proposition 12.1.181 we have the adjunction (— ®b M, — ®a M*), in particular, A = 
M* G a-Mb is quasi-finite as a right i?-(co)module, and the cohom functor is — ®b M. 

(1) It is clear from the definition of a separable bimodule (see Section [TTT]) . that aMb 
is a separable bimodule if and only if uj is an A-bimodule retraction. 

(2) Let S = EndA(MA). Define X : B ^ S hy b ^ Xb : M ^ M,[m ^ bm], and 
(j) : S ^ M M* by s J2i ^i^i) ® where {cj, e*}jg{i^..._„} is a dual basis of Ma- 4> 
is an isomorphism of S-bimodule, with inverse map m ^ ip [x ^ mip{x)]. It is easy to 
see that ip = (po X. From Sugano's Proposition II . 1 .7"H| the bimodule M is separable if and 
only if A is a split extention, i.e., A is a 5-bimodule section. However that is equivalent to 
-0 is a 5-bimodule section. 

(3) This is [Ml Theorem 3.7(1)]. □ 
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3.2 Applications to equivalences of categories of co- 
modules 



In this section we will generalize and improve the main results concerning equivalences 
between categories of comodules given in ^T\, [1] and [IH]. We also give new characteri- 
zations of equivalences between categories of comodules over separable corings or corings 
with a duality. 

We recall from p. 93] that an adjoint equivalence of categories is an adjunction 
{S,T,ri,e) in which both the unit : 1 — > TS and the counit e : ST —>■ 1 are natural 
isomorphisms. 

Proposition 3.2.1. Let 5 : C — > D and T : T) —> C be functors. Then {S,T) is a pair of 
inverse equivalences if and only if S and T are part of an adjoint equivalence {S, T, rj, e). 

Proof. The proof is analogous to that of [HH Theorem IV.4.1]. The "if" part is trivial. 
For the "only if" part, let : 1 — > TS be a natural equivalence, then (Pc,d{o:) = T{a).r]c 
for a : S{C) —>■ D, is a. natural transformation in C and D. Since T is faithful and full, 
is a natural equivalence, and T is a right adjoint to 5*. Therefore the counit of this 
adjunction e : ST 1 satisfies T{eD).riT[D) = 1t(d) for every D E D, and consequently 
T{sd) = ('7t(d))~^ is invertible. Since T is faithful and full, Ed is also invertible, and e is 
a natural equivalence (to show that e is a natural equivalence we can also use Proposition 
ITXiTll . □ 

The following result generalizes the case of the category of modules [U II (2.4)]. 
Proposition 3.2.2. Suppose that a^, '^a, b'^ o-nd Db o-re fiat. Let X G "^TVI® and 

The following statements are equivalent: 

(1) (— DcX, — n^A) is a pair of inverse equivalences; 

(2) there exist bicomodule isomorphisms 

f : XDxjA ^€ and g : AD^X ^ D 
in '^Ai'^ and ^A4^ respectively, such that 

(a) aX and ^A are fiat, and ujx,a = px ®b A — X ®^ p\ is pure in aM. and cua.x = 
Pa ®a X — A0B Px is pure in bM, or 

(b ) (tX and are cofiat. 
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In such a case the diagrams 



2) Da A 



ADcC 



A 



xn^v — 



(3.16) 



X 



commute. 

If A and B are von Neumann regular rings, or if C and 2) are coseparable corings 
(without €a and Db are flat), the conditions (a) and (b) can be deleted. 



Proof. Clear from Lemma 12.1.171 and Propositions 12.1.181 13.2. 1[ 



□ 



Definition 3.2.3. A bicomodule G '^Ai^ is called a cogenerator preserving (resp. an 
injector- cog enerator) as a right X)-comodule if the functor — ®a N : Ma —>■ -M^ preserves 
cogenerator (resp. injective cogenerator) objects. 

The version for module categories of the first part of the following lemma is given in 
[HI Exercise 20.8]. 

Lemma 3.2.4. Let C and D be two abelian categories and S : C ^ T) a functor. Let 
T : D ^ C be a right adjoint of S . We have the following properties: 

(1) If N is cogenerator and T{N) & C is injective, then S is exact. 

(2) If N eD is cogenerator and S is faithful, then T{N) E C is a cogenerator. 

(3) IfT{N) E C is a cogenerator for some G D, then S is faithful. 

If moreover D is an AB 3 category with generators and has enough injectives (e.g. if 
Y) is a Grothendieck category), then the following properties hold: 

(4) S is faithful if and only ifT preserves cogenerator objects. 

(5) S is faithfully exact if and only ifT preserves injective cogenerator objects. 
Proof. Let A^ G D. Then we have a natural isomorphism 

: HomD(5(-), AT) ^ Homc(-, T(Ar)). 

The functor HomD(S'(— ), A^) is the composition of covariant functors 

Q° Homn(— ,Af) 

C° D° Ab , 



where 5"° is the dual functor of S. Note that 5*° is exact (resp. faithful) if and only if S is 
exact (resp. faithful). 

(1) By assumptions, HomD(— , T{N)) is exact and Homc(— , A^) is faithful. By Theorem 
ll.l.lH Homc(— , A^) reflects exact sequences. Then 5"° is exact. Hence S is so. 
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(2) Follows directly from the fact that the composition of two faithful functors is also 
faithful. 

(3) Follows directly from the fact that if the composition of two functors GF is faithful 
then F is also faithful. 

(4) is an immediate consequence of (2), (3) and the fact that D has a cogenerator object 
(see Proposition 11.1. 251) . 

(5) The "only if" part is obvious from Lemma 11.1.341 and (4). The "if" part is an 
immediate consequence of Proposition [T! 1.231 and (1) and (3). □ 

Corollary 3.2.5. Let N G '^M.^ he a bicomodule, quasi-finite as a right D-comodule, such 
that o-nd ^2) are flat. N is a cogenerator preserving (resp. an injector- cogenerator) as 
a right D-comodule if and only if the cohom functor h^{N, — ) is faithful (resp. faithfully 
exact). 

The first part of the following is [T8l 23.10]. We think that the proof we give here is 
more clear. 

Proposition 3.2.6. Let flat and let A G b-M'^ be quasi-finite as a right d-comodule. 

Let hir{A, — ) and ei2:(A) be the cohom functor and the coendomorphism coring of A respec- 
tively. Suppose that e^{A) is flat as left B-module. 

(1) If ^A is flat and ^(^{A) is flat as right B-module, and A is an injector-cogenerator as 
a right d-comodule, then the functors 

-□e,(A)A:-M""^^^ -^A^^ M^.-)-M^^M''^^^\ (3.17) 
are inverse equivalences. 

(2) If € and e£(A) are coseparable corings, and A is a cogenerator preserving as a right 
d-comodule, then the functors of (13.171) are inverse equivalences. 

Proof. We will prove at the same time the two statements. Let 6 : Ij^z — >• h|i:(A, —) ®b 
A be the unit of the adjunction (hi2;(A, — ),— ®b A). By Theorem 12.1.131 h(r(A, — ) ~ 
— □e:he;(A, C). In the case (1), he;(A, £) is coflat as a left C-comodule. We put D = e(r(A). 
By Proposition I2.1.12[ 6\ : D ^ An(rhe;(A, €.) is S)-bicolinear. Therefore, 

-□DAnch(r(A, €) ~ -DsS 

is exact. Hence, in the case (1), the functor —D^A is exact (since h.,r{A,—) is faithful). 
From the proof of Proposition 13.1.4( 1). the unit of the adjunction (— □e;hi2;(A, €), — D^A) 
is 

r] : l^e^- - Dgg . - □e;h£(A,e:)nj,A. 

From Proposition I3.1.3[ 5a is the unique map making the following diagram commutative 

A ^ ADcC 

DD^A ^^^^^ . An£(hc(A, €)n^A). 
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By Lemma P2. 1.171 Poposition I2.1.18| the counit of the adjunction (— □e;he;(A, (J), — D^A) 
is 

e : -□aAaghg(A, g) ^ - U^^^^l^^, 

and we have the commutative diagram 

h£(A, d) ^ Cncrh£(A, £) 

~ 6i£n£V(A,c:) 
he:(A, g:)DaD ^'^'^''^^°'"^^' h£(A, £)ns,Anchc(A, C). 

Then, ^e;ne;h(r(A, is an isomorphism. Since — □|i:hi2;(A, €) is faithful, On is also an iso- 
morphism. Finally, the unit and the counit of the adjunction (— □e;he;(A, C), — DjjA) are 
natural isomorphisms. □ 

The first part of the following is contained in ^| Theorem 3.10]. 

Corollary 3.2.7. Let b^a be a [B, Aj-bimodule such that Ma is finitely generated pro- 
jective. 

(1) The following statements are equivalent 

(a) a{M*®bM) is flat and —^bM : Mb ^ j^m'i^bM equivalence of categories; 

(b ) bM is faithfully flat. 

(2) If M^'^bM abelian category, and M* ^b M is an A-coseparable coring, then the 
following statements are equivalent 

(a) — ®B M : M-B ^ j^m*®bM equivalence of categories; 

(b ) bM is completely faithful. 

Proof It suffices to take A = M* G aMb in Proposition [3l2l6l □ 

The first part of the following is contained in [18i 23.12]. We think that the proof we 
give here is more clear. 

Proposition 3.2.8. Suppose that and ^2!) are flat, and let X E '^Ai^ and A G ^Ai'^. 

If ^A and Db are flat, then the following statements are equivalent 

(1) (— D^X, — □jjA) is a pair of inverse equivalences; 

(2) A is quasi-finite injector-cogenerator as a right €-comodule, ee;(A) ~ 5} as corings and 
X ~ he;(A, £) zn '^M^; 

(3) X is quasi-finite injector-cogenerator as a right D-comodule, e's{X) c:^ (E as corings 
an(i A~hj,(X,S)) m ^M^. 

If moreover € and D are coseparable or cosemisimple, then (1) is equivalent to 

150 



(4) K is quasi-finite cog enerator preserving as a right <t-comodule, e^{K) D as corings 
and X ~ he(A, £) m '^M^; 

(5) X is quasi-finite cogenerator preserving as a right D-comodule, ej)(X) ^ C as corings 
and A ~ hs,(X, D) in ^M'^. 

Proof. At first we will prove the first part. 

(1) =^ (2) By Proposition 12. 1.1^ A is quasi-finite injector as a right CC-comodule, and 
X ^ he;(A, in '^M^. Therefore, -D^X ~ h£(A, -) is faithful. By Lemma IXTl A 
is quasi-finite injector-cogenerator as a right C-comodule. Finally, by Proposition 13.1.41 
ee:(A) ~ D as corings. 

(2) =^ (1) By Proposition 12 . 1 . 1 9l — DcX ^ h(r(A, — ). Hence (1) follows obviously from 
Proposition 13.2.6( 1). 

(1) -v^ (3) Follows by symmetry. 

Now we will prove the second part. The case "cosemisimple" is obvious from the first 
part. It suffices to show the "coseparable" case. 
(1) =^ (4) Obvious from the first part. 

(4) (1) By Proposition 12 . 1 . 18l — ~ he;(A, — ). Hence (1) follows obviously from 
Proposition 13.2.6( 2). 

(1) -v^ (5) Follows by symmetry. □ 

As an immediate consequence of Proposition 12.1.181 and Proposition 13.2.81 we get the 
two following theorems. 

Theorem 3.2.9. Suppose that a^, ^a, bS) and Db are flat, and let X G '^Ai^ and 
A G ^Ai'^. The following statements are equivalent: 

(1) (— DcX, — D^A) is a pair of inverse equivalences with Xj) and Ac coflat; 

(2) (ADg;— , XDj)— ) is a pair of inverse equivalences with ^X and j)A coflat; 

(3) A is quasi-finite injector-cogenerator as a right €-comodule with X^ and Ag; coflat, 
e^{A) ~ 2) as corings and X ~ he;(A, €) in '^Ai^; 

(4) X is quasi-finite injector-cogenerator as a right D-comodule with Xx) and Ag; coflat, 
e2)(X) ^ € as corings and A ~ hj)(X, 2)) in ^Ai'^; 

(5) A is quasi-finite injector-cogenerator coflat on both sides, e(r(A) ~ 5} as corings, and 
X ~ he;(A, £) m '^M^; 

(6) X is quasi-finite injector-cogenerator coflat on both sides, e£i(X) ~ C as corings, and 
A ~ hj,(X,D) m ^M'^. 

Theorem 3.2.10. Suppose that a^, ^a, bD and Db are flat, and let X G '^Ai^ and 
A G ^Ai'^. If €. and D are coseparable or cosemisimple (resp. A and B are von Neumann 
regular ring), then the following statements are equivalent: 
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(1) (— DirX, — DgA) is a pair of inverse equivalences; 

(2) (AD^— , XDj)— ) is a pair of inverse equivalences; 

(3) A is quasi-finite cogenerator preserving (resp. injector- cogenerator) as a right (t- 
comodule, ee;(A) ~ 2) as corings and X ^ hir(A, in ^M.^ ; 

(4) X is quasi-finite cogenerator preserving (resp. injector-cogenerator) as a right D- 
comodule, e^{X) c:^ (t as corings and A ~ hxi{X, D) in ^Ai'^; 

(5) A is quasi-finite cogenerator preserving (resp. injector-cogenerator) on both sides, 
ee;(A) ^ D as corings, and X ~ h.^{A, €) in '^A^®; 

(6) X is quasi-finite cogenerator preserving (resp. injector-cogenerator) on both sides, 
ex){X) ~ C as corings, and A ~ hj)(X, D) in ^M'^. 

The following result, which recovers Morita's characterization of equivalence [51 Theo- 
rem 22.2], is a relevant consequence of the last theorem. 

Corollary 3.2.11. Let A and B be k-algebras and let 

F : Ma Mb and G : Mb Ma 

be k-linear functors. Then the following statements are equivalent 

(1) F and G are inverse equivalences; 

(2) there exists a bimodule a^b such that: 

(a) aM and Mb are progenerators (i.e., finitely generated, projective and generators), 

(b) aMb is (faithfully) balanced (see 0, p. 60]), 

(c) Fc::i-®AM and G ~ HomB(M, -); 

(3) there exists a bimodule aMb such that: Mb is finitely generated projective, aM is 
completely faithful, the evaluation map M* ^a M ^ B is an isomorphism, and 

F c:i-®AM and G ~ HomB(M, -) . 

Moreover, in such a case, bM* and M\ are progenerators, and 

F~HomA(M*,-) and G^-®bM*. 

Proof. (1) =^ (2) There exists a bimodule aMb such that F ~ — ®a M and G ~ 
HomB(M, — ). Since G is an equivalence, G ~ — C>?>b M* (by Eilenberg- Watts Theorem 
or by Theorem I2.1.13p . Then Mb is finitely generated and projective. From G faithful, it 
follows that Mb is a progenerator. By symmetry, it follows that a^) bM* and are 
also progenerators. 
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As in the proof of Corollary 13. 1.91 {B, A, ^M^, aMb, uj, ip) is a comatrix coring context, 
and ip = 0oA, where u (p are defined as in that proof, and X : A ^ EndsiMB) is defined 
by A (a) = with Aa(m) = am. In particular we have an adjunction (— ®a M, — (S>b M*). 
Using Proposition 11.1.331 and since is an isomorphism, we obtain that F is fully faithful 
if and only if ip is an isomorphism, if and only if A is an isomorphism. Then, by symmetry, 
aMb is faithfully balanced. 

(2) =^ (3) From Lemma Fl. 1.161 (2). it follows that aM is completely faithful. In partic- 
ular it is faithful. By symmetry aMb is faithfully balanced. Now, we will prove that the 
coring homomorphism eM*®AM '■ M* ®a M — > S is an isomorphism. Let N E M.b and let 
us consider the map 

■■ HomB(M, N) ®A M HomB(HomA(M, M), A^) HomB(5, A^) A^ , 

where v is defined by z/(7 ®a m) : a ^ 7(a;(m)). From Lemma [1.1.721 (7) {a^ is finitely 
generated projective), v and are isomorphisms. It is easy to see that iN{.l®Ai^) = 7(^^)5 
for every 7 in HomB(M, A^) and every m in M. In particular {N = B), C,b = ^m*®aM- 

(3) ^ (1) Since Mb is finitely generated projective, A = bM\ is (S, A)-quasi-finite, 
and the cohom functor is F ~ — ®a M. F is faithful since aM is completely faithful. 
Moreover the coring homomorphism eM*(^AM '■ M* ®^ M — > i? is an isomorphism. The 
implication (3) =^ (1) of Theorem 13.2. lUI then achieves the proof. □ 

Corollary 3.2.12. Let A and B be k-algebras. M.a ond M.B ore equivalent if and only if 
aA4 and b-M are equivalent. In such a case we say that A and B are Morita equivalent. 

Proof. Obvious from Theorem 13.2.101 □ 

Now, we will study when the category Ai'^ for some coring C is equivalent to a category 
of modules J^b- 

Let S G B-M*^ such that is finitely generated projective with a dual basis {cj, e*}i, 
and let M G A4^. By [20, Proposition 1.4], the canonical isomorphism HomA(S,M) —>■ 
M ^A yields an isomorphism Homir(E, M) — > MOg^S*, where the left coaction on S* is 
given by 

As* : ^ £ ®A S*, As* (/) = J2 /(ei(o))ei(i) ®a e*. 

i 

Moreover, we have an adjoint pair {F,G), where 

F = - ®B^- Mb ^ M"^, 

and 

G = Hom£(S, -):M'^^ Mb- 
The unit and the counit of this adjunction are given by: For N E Mb, 

vn '■ N ^ Homi2;(S, A^ ®b S), VN{n){u) = n ®b u, 
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or 



Vn 



and for M e M'^: 



or 



Cm ■■ Hom£(S, M) ®b S ^ M, Cm{v u) = ^{u), 
Cm : (MDcS*) ®b S ^ M, Ca/ ((J] m,- ®a /,) ®b = J] m,-/, I 



(see [20, Proposition 1.5]). 
Let us define the map 

can : S* S ^ can(/ (g)^ u) = /(m(o))m(i). 

From [Sni Lemma 3.1], we have can is a morphism of corings. It follows from this that 
can is a C-bicolinear map. Moreover, we can verify easily that for every M G the 
following diagram is commutative: 



Ca/ 



■M 



MDci^* (g)B S) ^ MDgg, 



(3.18) 



where ■j/'m is the canonical map. We obtain that if ipM is isomorphism, for every M e Ai'^ 
(for example if _bS is flat or if <t is coseparable) , then G is fully faithful if and only if can 
is an isomorphism (see Proposition ll.l.47|) . 

Let us consider the map v : B ^ SDcS*, v(h) = 
N E M.B, have the following commutative diagram 



N ®bB 



N^BV 



-{N 0B s)ncS* 

N0B (SDcS*), 



Da e* {b G B). For every 
(3.19) 



where i/jn is the canonical map. Let cf) : B ^ Ende;(S) be the canonical morphism of 
fc-algebras which define the left action on S {(j){b){u) := hu) (see Section F2.ip . We have 

^ Endir(S) — Sn^S* . We obtain that if ipN is an isomorphism, for every 



V 



B 



N E M.B (for example if Sg; is projective or if € is coseparable), then F is fully faithful if 
and only if (p is an isomorphism (see Proposition ll.l.47|) . 

Furthermore, if is flat or C is coseparable, then we have the commutative diagram: 



SDircan 



B®B^ 



(3.20) 
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Now we are ready to state and prove the following theorem. In the particular case 
where B = End(2:(S), the first part of Theorem is known, see [3H Theorem 3.2] and 
18.27]. 

Theorem 3.2.13. Let S G b-^*^ such that is finitely generated projective. Let F = 
— ®_bS : M-b ^ M.'^ and G = Hom£(S, — ) : A4'^ ^ A4b- The following statements are 
equivalent: 

(1) {F, G) is a pair of inverse equivalences with flat; 

(2) is flat, Sg; is projective, and can, and the morphism of k-algebras cf) : B End£(S) 
defined by (f){b){u) = bu for b & B,u & H, are isomorphisms; 

(3) is flat, S(j; is a projective generator, and the morphism of k-algebras : i? — >■ 
Endir(S) defined by (f){b){u) = bu for b ^ B,u & T,, is an isomorphism; 

(4) bS is faithfully flat, and can is an isomorphism. 

If moreover £ is coseparable, and is projective, then the following statements are equiv- 
alent: 

(1) {F, G) is a pair of inverse equivalences; 

(2) Eg; is a generator, and the morphism of k-algebras (p : B ^ Ende;(S) defined by 
(f){b)[u) = bu for b E B,u & Ti, is an isomorphism; 

(3) the morphism of k-algebras (p : B ^ Endir(S) defined by (j){b){u) = bu forb E B,u E T,, 
is an isomorphism, and can is a surjective map; 

(4) is completely faithful, and can is a bijective map. 

Proof. First we will prove the first statement. It is obvious that the condition (1) implies 
the other conditions. 

(2) =^ (1) That A^ is flat follows from b^ is flat and can is an isomorphism of A- 
bimodules. To prove that (F, G) is a pair of equivalences, it is enough to use the commu- 
tativity of the diagrams (13.181) and fl3.19p . 

(3) =^ (1) Follows from the Gabriel-Popescu Theorem ll.l.70[ and the commutativity 
of the diagram (13.191) . 

(4) =^ (1) From can is an isomorphism, it follows that — ®b S) ~ — and 
the following diagram is commutative and each of its morphisms is an isomorphism: 



N^B (Sne;S*)®BS 



{{N 0B s)n£S*) 



N®B (Sne:(S* ®b S 



0) 



(A^ ®B S)ne(S* ®B S). 
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Then ipj^ is an isomorphism (since — 0^ S is faithful). From the commutativity of the 
diagram fl3.20p . can is an isomorphism, and — is faithful, we have v is an isomorphism. 
Finally from the commutativity of the diagram f l3.19p . t; at is an isomorphism for every 
G Mb- 

Now we will prove the second statement. Obviously the condition (1) implies the 
condition (4). 

(2) =^ (1) By Proposition 12. l.lgj (S* (S>b — , SDir— ) is an adjoint pair, and furthermore. 
Eg; is generator if and only if EDg;— is faithful. From the commutativity of the diagram 
f l3.20p . and EDg;— is faithful, it follows that can is an isomorphism. Hence (2) follows. 

(3) =^ (2) Since is projective, and can is surjective, can is a retraction in a-M. Since 
€ is coseparable, it follows that can is a retraction in '^Ai. Then for every M G A^'^, 
MDg^can is a retraction in A^^, and from the commutativity of the diagram (13.180 . Cm is 
surjective for every M G Ai'^. By Proposition 11.1.471 Eg; is a generator. 

(4) =^ (3) We have that EDccan is bijective. From the commutativity of the diagram 
(I3.20p . E is bijective. Since sE is completely faithful, v and are also bijective. □ 

Remark 3.2.14. In Proposition 5.6], the authors have a similar version of our second 
statement. They state that if Ca is projective, B = Ende;(E), and €. is coseparable, then 
(F, G) defined as above is a pair of inverse equivalences. 

In order to give a generalization of [211 Theorem 3.5] and [H Corollary 7.6], we need 
the following result. 

Lemma 3.2.15. Let N G ^A^® be a bicomodule. Suppose that A is a QF ring. 

(a) If N is an injector- cog enerator as a right D-comodule, then N is an injective cogener- 
ator in . 

(b) IfD has a duality, and N is an injective cogenerator in Ai^ such that Nb is flat, then 
N is an injector-cogenerator as a right D-comodule. 

Proof, (a) Since A is a QF ring, then Aa is an injective cogenerator. Hence ~ {A ®a 
N)^ is an injective cogenerator. 

(b) Let Xa be an injective cogenerator module. Since A is a QF ring, Xa is projective. 
We have then the natural isomorphism 

(X (^A N)n^- ~ X ®A (ivn®-) : ®-M Mk. 

By Proposition I2.2.1H and Xa are faithfully coflat, and then X ^a N is faithfully 
coflat. Once again by Proposition 12.2.111 {X (8>a X is a flat right 5-module), X 0a N is 
injective cogenerator in At^. □ 

Theorem 3.2.16. Suppose that a^, ^a, b25 and Db are flat, and let X G '^Ai^ and 
A G ^Ai'^. If and D have a duality, then the following statements are equivalent: 

(1) (— DcX, — DjjA) is a pair of inverse equivalences with Xb and Ka are flat; 
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(2) (ADg;— , XOg— ) is a pair of inverse equivalences with and are flat; 
If in particular A and B are QF rings, then (1) and (2) are equivalent to 

(3) A is quasi-finite infective cogenerator as a right ^-comodule with Xb and Aa are flat, 
ee;(A) ~ 2) as corings and X ~ h(j;(A, in ^^A^; 

(4) X is quasi-finite infective cogenerator as a right D-comodule with Xb and Aa are flat, 
ex){X) ~ as corings and A ~ hj)(X, D) in 

(5) A is quasi-finite injective cogenerator on both sides, e^{A) ~ 2} as corings, and X ~ 

(6) X is quasi-finite injective cogenerator on both sides, ex)(X) — C as corings, and A ~ 
hj,(X,D) m ^W^. 

Proof. The equivalence between (1) and (2) follows from Theorem 13.2.91 and the fact that 
if (— DcX, — DxiA) is a Frobenius pair, Xx) and A^ are cofiat if and only if Xb and A^ are 
fiat (see the proof of Theorem 12 . 2 . 141) . 

(1) (3) Obvious from Proposition 13.2.81 /) . and Lemma F3.2.15[ 

(1) ^ (4) The proof is analogous to that of "(1) (3)". 

(5) ^ (3) Trivial. 

(1) ^ (5) Obvious from the equivalence of (1), (2) and (3). 
(1) <S=^ (6) Follows by symmetry. 

□ 

Remark 3.2.17. The second part of [5') Corollary 7.6] (and also the second part of [T8l 
12.14]) is true in a more general context. Let a^ be flat. Consider the statements: 

(1) A G _b7W^ be quasi-finite as a right £-comodule; 

(2) Homg;(Mo, A) is a finitely generated left 5-module, for every finitely generated comod- 
ule Mo e A^*^; 

(3) Home;(Mo, A) is a finitely generated projective left i?-module, for every finitely gener- 
ated CO module Mq G AI*^. 

We have, (1) ^ (2) holds if i? is a QF ring, and the category Al*^ is locally finitely 
generated, and the converse implication holds if in particular i? is a semisimple ring, and 
the category M'^ is locally finitely generated. (1) -v^ (3) holds if C is a cosemisimple coring. 
Moreover, for the two cases, if (1) holds, then for every comodule M G 

hc(A,M) ~ limHom£(Mi,A)*, 

/ ' 

where (Mj)^^/ is the family of all finitely generated subcomodules of M . 

We will prove at the same time (1) ^ (2) and (1) ^ (3). Let Mq G be a finitely 
generated comodule. We have, he:(A,Mo)* = Homs(he;(A, Mq), -B) ~ Home:(Mo,A). Since 



157 



the functor — C^^A is exact and preserves coproducts, the cohom functor he;(A, — ) preserves 
finitely generated (resp. finitely generated projective) objects. In particular, hg;(A, Mq) is 
a finitely generated (resp. finitely generated projective) right 5-module, and Hom(r(Mo, A) 
so is. Therefore, he;(A, Mq) ~ he;(A, Mq)** ~ Home;(Mo, A)*. Hence, 

hc(A, M) ~ limh£(A, Mi) ~ limHom£(Mi, A)*, 
/ I 

where (Mj)jg/ is the family of all finitely generated subcomodules of M (since the cohom 
functor preserves inductive limits). 

The proof of the implication [i) =^ {ii) of [91, Proposition 1.3], remains valid to prove 
(2) (1) and (3) (1). 

3.3 Applications to induction functors 

In this section we particularize our results in the previous sections to induction functors 
defined in Subsection 11.5.11 

Theorem 3.3.1. Let {ip,p) : € —>■ D be a homomorphism of corings such that ^£ and 
bT) are flat. If and Db are flat (resp. C and D are coseparable), then the following 
statements are equivalent 

(a) (— ®A B, —0^{B ®A ^)) is a pair of inverse equivalences; 

(b) the functor — ®^ B is exact and faithful (resp. faithful), and there exists an isomor- 
phism of B- corings D ^ B€B. 

Proof. From the proof of Theorem 12.3. 11 — B ~ —□(>;(£ ®a B). The use of Proposition 
I3.2.8[ Proposition 13.1.41 and Proposition 11.5.51 achieves the proof. 

□ 

Corollary 3.3.2. Let €. be an A-coring. Then the following statements are equivalent 

(a) The forgetful functor : ^ M.a is an equivalence of categories; 

(b) The forgetful functor Ui : '^Ai a-M is an equivalence of categories; 

(c) there exists an isomorphism of A- corings A ~ 

Proof. It is enough to apply the last theorem to the particular homomorphism of corings 
(eg;, 1^) : C — > y4 which gives the well known adjunction {Ur, — <S)a and observing that 
the map A€A (t defined by a ® c (8) a' h- > aca', is an isomorphism of corings. □ 

Finally, given a homomorphism of corings, we give sufficient conditions to have that 
the right induction functor is an equivalence if and only if the left induction functor so is. 
Note that for the case of coalgebras over fields (by (b)), or of rings (well known) (by (d)), 
we have the left right symmetry. 
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Proposition 3.3.3. Let {(f,p) : € S) be a homomorphism of corings such that a^, b'^, 
and Db are flat. Assume that at least one of the following holds 

(a) (t and D have a duality, and aB and Ba are flat; 

(b) A and B are von Neumann regular rings; 

(c) B ®A <i is coflat in and C ®a B is coflat in and aB and Ba are flat; 

(d) €. and D are coseparable corings. 

Then the following statements are equivalent 

1. — ®A B : Jvi'^ ^ M.^ is an equivalence of categories; 

2. B ®A — '■ '^M. ^M. is an equivalence of categories. 

Proof. Obvious from Theorem 13.2.91 Theorem 13.2. lUI and Theorem 13.2. 16[ □ 

3.4 Applications to entwined modules and graded ring 
theory 

In this section we particularize our results to corings associated to entwined structures and 
in particular those associated to a G-graded algebra and a right G-set, where G is group. 

We obtain the following result concerning the category of entwined modules. 

Theorem 3.4.1. Let (a, 7) : {A.,C,ip) — {A' .,C\ip') be a morphism in E*(/c), such that 
kC and kD are flat. If either {A C)a and {A' ® C')a' are flat (e.g., if and ip' are 
isomorphisms) , (resp. A® C and A' ® C are coseparable) , then the following statements 
are equivalent 



(a) The functor — ®a A' : A4(ip)'^ M.{ip')% defined in Section 2^ is an equivalence; 



(b) the functor — ®a A' is exact and faithful (resp. faithful), and there exists an isomor- 
phism of A' -corings A' (g) C" ~ A' {A ® C)A' . 

Proof. Follows immediately from Theorem 13.3. 1[ □ 

Corollary 3.4.2. [HB Proposition 2.1] 

Let G and G' be two groups, A a G-graded k-algebra. A' a G' -graded k-algebra, X a right 
G-set, and X' a right G'-set. The following statements are equivalent 

(1) the categories gr — {A, X, G) and gr — {A', X', G') are equivalent; 

(2) there are an X x X' -graded {A, A')-bimodule P and an X' x X-graded {A' , A)-bimodule 
Q such that 

P®A'Q ^ A and Q®aP - A'. 
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Moreover, if P and Q satisfy the condition (2), then —®aP o,nd —®a'Q o'^e inverse equiv- 
alences. 

Proof. Clear from Proposition 13.2.21 (using the fact that the corings A ® kX and A' ® kX' 
are coseparable) and Proposition I2.5.6[ □ 

The following result is similar to [81], Corollary 2.4]. 

Corollary 3.4.3. Let A be a G-graded k-algebra, X a right G-set, and B a k-algebra. The 

following statements are equivalent 

(1) the category gr — {A,X,G) is equivalent to M.b; 

(2) the category {G,X,A) — gr is equivalent to b-M.; 

(3) there exists an Xq x X -graded B — A-bimodule P, such that Xq is a singleton, P is 
finitely generated projective in M.a, (md generator in gr — {A, X, G), and the morphism 
of k- algebras : i? — >• Endgr^(A,x,G){P) defined by (p{b){p) = bp for b E B,p & P, is 
an isomorphism. 

Proof. Follows immediately from Theorem 13.2. 131 □ 

In [811 Theorem 2.3], A. Del Rio gave a characterization when (— ^a-P, H(P^/, — )) is a 
pair of inverse equivalences. We think that the following result gives a simple characteri- 
zation of it. Our result is also a generalization of Morita's characterization of equivalence 
Remark [SZIIl 

Theorem 3.4.4. Let P be an X x X' -graded {A, A')-bimodule. Then the following are 
equivalent 

(1) (— (gj^-P, H(Pa', — )) is a pair of inverse equivalences; 

(2) (a) xP is finitely generated projective in M.a' for every x G X, and P^r is finitely 

generated projective in a-M. for every x' G X' (resp. and P is a generator in both 
gr - (A', X\ G') and (G, X, A) - gr), 

(b) the following bigraded bimodules maps: tp : A ^ H(P4/,P) defined by ip{a ® 
x){p) = a{xp) e P {a e A,x e X,p G P), and ip' : A' ^ R{aP,P) defined by 
ip'{a' ® x'){p) = {px')a! & P {a! & A',x' G X',p G P), are isomorphisms (resp. are 
surjective maps). 

(3) (a) is finitely generated projective in M.a' for every x & X , 
(b) the evaluation map 

e^, ■ H(Pa', A')®aP - A!, e^,{f ®a P) = f{p) 

(f G H(P^/, G xP^x E X) is an isomorphism. 
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(c) the functor —®aP is faithful. 

Proof. From [651 Proposition 1.2], the unit and the counit of the adjunction 
(-®A-P, H(P4/, -)) are given respectively by tjm ■ M ^ H(Pa/, M(g)^P), r]M{'m){p) = 
Ex-ex "^^ ®A xP (fn = Y.xex'^x e M,p = Y.xex xP ^ P), and En : }1{ Pa',N) ^aP 
N, ENif ®A P) = f{p) if e 11{Pa',N),,p G ,P,x e X). By Lemma [232] (1), the 
functor B.{Pa>, — )) preserves inductive limits if and only if the condition (3) (a) holds. Then 
by Theorem 12.1.131 (the coring A' kX' is coseparable), there is a natural isomorphism 

5 : RiPA', -) -§a'H(Pa., A') . Set Q = H(Pa', A'). 

(1) <S=^ (3) It follows from Proposition I3.2.8T II) and Proposition 13. 1 .4T 2) . 

(1) (2) We can suppose that the condition (2) (a) holds. We have t]^ : M —>■ 

H(Pa/, A^aP), Vxi^ ® ^)iP) = (a^x) ®a xP = a{^A ® x) ®a xP = a>^p{xP) = >^p{a{xp)) = 
\p{ip{a ® (a G A, a; G X,p G P). Since 5 is a natural isomorphism, the following 

diagram is commutative: 




H(P^,,P) 

Therefore the unit of the adjunction (— —®a'Q) is 

lgr-(A,X,G)^^ - % A^ "^^"^^ " - 0aP'^A'Q, 

where ipo is the map tpo : ^ ^ > H(Pa/, P) > P®a'Q ■ Hence —®aP is fully faithful 
if and only if ip is an isomorphism. By Proposition 12.1.181 {Q®a—iP®a'~) is an adjoint 
pair. Moreover —®a'Q is fully faithful if and only if P®a'~ is fully faithful, if and only if 
if)' is an isomorphism (see Proposition 11.1 .47j) . 

Finally, if the maps ip and ip' defined in (2) (6) are surjective, then, P is a generator in 
gr — {A',X',G') if and only if —®a'Q is faithful, if and only if P®a'— is faithful, if and 
only if ip' is an injective map (see Proposition ll.l.47|l . By symmetry, P is a generator in 
(G, X, A) — gr if and only if ip is an injective map. □ 

Finally, let / : G ^ G" be a morphism of groups, X a right G-set, X' a right G'-set, 
if : X ^ X' a. map such that ^{xg) = ip{x)f{g) for every g E G, x & X. Let A be a 
G-graded A;-algebra, A' a G'-graded fc-algebra, and a : A ^ A' a morphism of algebras 
such that a{Ag) C ^/(g) for every g E G. 

We have, 7 : kX kX' such that 7(x) = ({>{x) for each x G X, is a morphism of 
coalgebras, and (0,7) : (A, kXjip) — > [A', kX'jip') is a morphism in E*(A;). 



161 



Let T* = - ®A A' : gr - {A,X,G) ^ gr - (A',X',G") be the functor defined in 
Subsection I2.5.3I We know that T* makes commutative the following diagram 

gr - {A, X, G) gr - {A', X', C) 

M{kG)f ^ M{kG'ff. 

Moreover, we have the commutativity of the following diagram 

(G, X, A) - gr S^Z^ (G", X', A') - gr 

kXi^Aj^ ^ fcX'(g)A'^ 

A. Del Rio gave in [HIl Example 2.6] an interesting characterization when T* is an 
equivalence. Our result gives an other characterization of it. 

Theorem 3.4.5. The following statements are equivalent 

(1) the functor T* : gr — {A, X, G) ^ gr — {A', X', G') is an equivalence; 

(2) T* is faithful, and the map 

A' (^aA®a a' A', a' ®A {a (g) x) (^a a" ^ a'a{a)a!' (g) '^{x)g' , 
where a G A, a' G A', x G X, g' G G", a" G A'^,, is bijective. 
Proof. Obvious from the commutativity of the diagram (ll.22p and Theorem 13.3. 1[ □ 

Finally we give the following consequence of Proposition 13.3.31 
Proposition 3.4.6. The following are equivalent 

(1) the functor T* : gr — {A, X, G) gr ~ {A', X', G') is an equivalence; 

(2) the functor (T*)' : (G, X, A) — gr ^ {G', X', A') — gr is an equivalence. 



162 



Chapter 4 

The Picard Group of Corings 



In this chapter, all the considered corings are flat on both sides over their base rings. 

4.1 The Picard group of corings 

Corings over fc-algebras and their morphisms form a category. We denote it by Crg^^,. 
Notice that the category of fc-algebras Alg^^,, and the category of fc-coalgebras Coalgj^,, are 
full subcategories of Crg^,. 

Lemma 4.1.1. A morphism {(p,p) G Crg^, is an isomorphism if and only if if and p are 
bijective. 

Proof. Straightforward. □ 

Now we recall from [9] the definition of the Picard group of a /c-abelian category. 
Let C be a fc-abelian category, Picfc(C) is the group of isomorphism classes (T) of 
/c-equivalences T : C — * C with the composition law {T){S) = (ST). 

Definition 4.1.2. We say that a (C, S})-bicomodule X is right invertible if the functor 
—OirX : — > is an equivalence. We say that C and D are Morita-Takeuchi right 
equivalent if there is a right invertible (C, 2I')-bicomodule. 

The isomorphism classes (X) of right invertible C-bicomodules with the composition 

law 

(Xi)(X2) = (XiDcXa), 

form the right Picard group of €. We denote it by Pic^(C). This law is well defined since 
-□^(XincXs) ~ (-DcXOncXa (From Propositions fTXTUl OTTI f^Xo is cofiat)). The 
associativity of this law follows from the associativity of the cotensor product (cXi and 
e;X2 are cofiat). The isomorphism class (C) is the identity element. {X)~^ = (A), where A 
is such that (— D^X, — DeA) is a pair of inverse equivalences (see Proposition 13 . 2 . 2"i) . 

It follows from Theorems 13.2.101 13.2.161 that if <t is coseparable (this case includes that 
of algebras), or cosemisimple, or A is von Neumann regular ring, or if C is a coalgebra 
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over a QF ring, then a C-bicomodule X is right invertible if and only if it is left invertible. 
Hence, for each case we have Vicl{€) = Pic[{<t). We will denote this last by FicM. 

The following proposition is the motivation of the study of the Picard group of corings. 
The proof is straightforward using Theorem I2.1.13[ 

Proposition 4.1.3. There are inverse isomorphisms of groups 

Pic^,(c:)^Picfc(A^'^), 

«((X)) = (-DcX) andf3{{T)) = (T(£)). 

Now we introduce two categories, Crg^ and Til. — Crg)^. The objects of both are the cor- 
ings. The morphisms of Ctg^ are the isomorphisms of corings. The morphism of — Crg^ 
are the Morita-Takeuchi right equivalences. A right Morita-Takeuchi equivalence C ~ S 
is simply an isomorphism class (M) where xiMg; is a right invertible (2), £)-bicomodule. If 
{N) is a Morita-Takeuchi right equivalence D ~ C', the composite is given by (XDxiM). 

The categories Crg^ and — Crg^ are groupoids (i.e., categories in which every mor- 
phism is an isomorphism). Then Autfc(C) and Pic^(^) are respectively the endomorphism 
group of the object C in €xQf. and in — Crg^. 

Let f : : A) ^ {T) : B) and g : (Ci : Ai) —>■ {Di : Bi) be two morphisms of corings, 
and let ^Xe; be a bico module. 

Consider the right induction functor — ®a B : Ai'^ ^ Ai^ and the left induction 
functor Bi iS)Ai - : '^'M ^^M. 

Now, consider gXf := Bi^Ai^^aB which is a (Di, S})-bico module, and Xf := X^aB 
which is a (Ci, !D)-bicomodule. It can be showed easily that iXf ~ Xf as bicomodules, 

and that if (t — ^ ^ D — — ^ ^ it' are morphisms of corings, then (Xf) f ~ Xfj as 
bicomodules. Moreover, from Theorem 12. 1.13[ Xf ~ XD^Cj as (^i, 2))-bicomodules. 

Now, assume that / is an isomorphism. Define Xj- = Xf as Ci-comodules, with right 
i?-action and right 2)-coaction given by 

xb = xp~^{b) and px'^Xx) = X(^o) <^b 

where x & X,b E B and px{x) = X(o) ®a Xf and Xf are isomorphic as (€, D)- 

bicomodules. The connecting isomorphism is the canonical isomorphism of abelian groups 
a : Xf — > Xf defined by a{x®Ab) = xp^^ip) whose inverse map is defined by [3{x) = x^a^- 
Similarly, we define fX'. 

Lemma 4.1.4. We have a functor 

which is the identity on objects and associates with an isomorphism of corings / : : 
A) ^ {D : B) the isomorphism class of the right invertible {D,€)-bicomodule 
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Proof. Let / = {(f, p) : {<t : A) {D : B) be an isomorphism of corings. Since B ®a ^ ®A 
B ^ D, h®AC®Ab ^ b(f{c)b is a morphism of 5-corings, it follows from Theorem 13 .3.1 1 that 

f(L is a right invertible (2), C)-bicomodule. Now let d — — ^ (£.' be two morphisms 
in Ctflfc. Then gf(t ~ ^ gDDjj/C is an isomorphism of (C, C)-bicomodules. □ 

Lemma 4.1.5. \18, 18.12 (1)] 

The map Ende;(C) — C*, / t— > e/, is an algebra anti-morphism with inverse map h i-^ 

(h^A c:)A. 

Now we are ready to state and prove the main result of this section. 
Theorem 4.1.6. Let € be an A-coring such that o-nd <La are flat. 

(1) We have an exact sequence 

1 Aut,(£) ^ Pic^(C:) , 

where Inn^(C) is the set of f = {f,p) G AutA;('C) such that there is p E €.* invertible 
with 

^(C(1))P(C(2)) =p(C(i))C(2), (4.1) 

for every c G ^. As for algebras and coalgebras over fields, we call Inn^(C) the right 
group of inner automorphisms of <t 

In particular, there is a monomorphism from the quotient group 

Out^C) := Autfc(C:)/lnn^((r) 

to Pic)^(C). As for algebras and coalgebras over fields, we call Out^((t) the right outer 
automorphism group of C 

(2) If (t and D are Morita-Takeuchi right equivalent, then Pic^(C) ~ Pic^(D). 

Proof. (1) Let / = {^p, p) E Autfc(CC) and jCC ~ C as C-bicomodules. We have f€ ~ f€' 
as £-bicomodules. Now, let h : f(t' — £ be an isomorphism of £-bicomodules. h is a 
morphism of right C-bicomodules is equivalent to the existence of p G invertible such 
that h{c) = p(c(i))c(2), for every c G ^ (see Lemma [4.1.51) . Then, p = e o k. That /i is a 
morphism of left £-bicomodules means that for every a E A,c E 

h{ac) = p{a)h{c), (4.2) 

and for every c E €, 

V5(C{1)) ®A ^(C(2)) = ^(c)(l) ®A ^(c){2)- (4.3) 

The condition fl4.3p is equivalent to 

y^{C(l)) ®A p(C(2))C(3) = p(C(i))C(2) ®A C(3), 
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for every c G C Hence the condition fl4.ip follows. To prove the converse, take p G 
invertible satisfying fl4.ip and set h{c) = p(c(i))c(2), for every c G C Using the left A- 
linearity of if, the condition (14.21) follows. On the other hand, the condition (14.31) follows 
easily. 

(2) It follows immediately from that € and D are isomorphic to each other in the 
category 9KT — Crg^. More explicitly, let be a right invertible bicomodule. The map 

(X) ^ (M-^DcXDcM) 

is an isomorphism from Pic^(£) to Pic^(S)). □ 

If we apply Theorem 14. 1.6 1 in the case (t = A, then we obtain [HI Proposition II (5.2) (3)] 
(see also [29l Theorems 55.9, 55.11]). The special case where C is a /c-coalgebra {A = k) 
with €. is flat as a A;-module, recovers [921 Theorem 2.7]. 

Corollary 4.1.7. (1) For a k-algebra A, we have an exact sequence 

1 Innfc(A) Autfe(A) PiCfc(A) , 

where lnnk{A) := {a ^-^ bab~^ \ b invertible in A}, the group of inner automorphisms 
of A. 

(2) For a k-coalgebra C such that is flat, we have an exact sequence 

1 Inn,(C) Autfe(C) ^ Pic^C) , 

where Innfc(C) (the group of inner automorphisms of C) is the set of (f & Autfc(C) 
such that there is p E C* invertible with (p{c) = p(c(i))c(2)P~^(c(3)), for every c E C. 

Proof. (1) It suffices to see that for p G where € = A, p is invertible if and only if 
p = Xb '■ a ba and b is invertible in A. 

(2) Suppose that ip G AutA;(C) and V9(c(i))p(c(2)) = p(c(i))c(2), for every c G C Then 
ip{c) = <^(c(i))ec(c(2)) = (^(c(i))p(c(2))p~Hc(3)) = p(c(i))c(2)P~^(c(3)), for every c G C. The 
converse is obvious. □ 

In order to consider the one-sided comodule structure of invertible bicomodules we need 
Proposition 4.1.8. Let (M), (A^) G Picl{(E.). Then 

(1) {N) G Imr2.(M) if and only if N c:^ fM as bicomodules for some f G Antk{€). 

(2) yiMc ~ if and only if N jM as bicomodules for some f = {ip, 1a) G Autfc(C). 
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Proof. (1) Straightforward from the fact that for every / G Autfc(£), there is an isomor- 
phism of CC-bicomodules fM ~ fCn^M. 

(2) Obvious. (^) Let h : aN(i be a bicomodule isomorphism. Since M 

is a (y4, £)-quasi-finite comodule (see Proposition 13.2.81) . it has a structure of (ee;(M),(C)- 
bicomodule. Then has a structure of (ee;(M), C)-bicomodule induced by h, and h is 
an (ee;(M), (C)-bicomodule isomorphism. On the other hand, is a (A, C)-quasi-finite 
comodule. Let F =: hir(A^, — ) : ^ J\/[ce{M) ^Y^e cohom functor, and let 6 : l^c — > 
F{—)Dc^(^M)N and x : -^(— ncj:(M)^) ^ 1a^c£{a/) be respectively the unit and the counit of 
this adjunction. From Proposition ll.4.11] and Remark ri.4.12l the map ip := Xei{M)°F{X%) : 
ee;(A^) ee;(M), where X% : N ^ eir(M)De^(^M)N is the left comodule structure map on 
A^, is a morphism of A-corings, and making commutative the diagram 




ec(M) N. 



Since F is a left adjoint to —Oe^(^M)N which is an equivalence, Xe^iM) and (p are isomor- 
phisms. Since M and A^ are right invertible, eir(M) ~ £ ~ ee;(A^) (see Proposition 13.2.81) . 
We identify e^{M) and e,r{N) with <t. Then (p is a coring endomorphism of Hence 
M ~ fN as C-bicomodules, where / = {ip, 1a)- □ 

The special case where £ is a /c-coalgebra {A = k) with C is flat as a /c-module, recovers 
[021 Proposition 2.8]. Its version for algebras is given in [HI Proposition 11.5.2(4)] or [^ 
Theorem 55.12]. 

Corollary 4.1.9. Let C be a k-coalgebra such that is flat, and let (M), (A^) G Pic^(C). 
Then Mc — Nc if and only if {N) G Imfi.(M), that is, N ~ jM as hicomodules for some 
/G Autfc(C). 

Proposition 4.1.10. [Bass] 

Let A he a k-algebra and let (M), (A^) G Picfc(A). Then Ma ~ A^a if and only if (N) G 
lmfl.{M), that is, N ~ fM as hicomodules for some f G Autfc(y4). 



4.2 The Aut-Pic Property 

Following and ^28j, we give the following 

Definition 4.2.1. We say that a coring €. has the right Aut-Pic property if the group 
morphism Q of Theorem 14.1.61 is surjective. In such a case, Out^(€) ~ Pic^(C). 
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Bolla proved ([HI p. 264]) that every ring such that all right progenerators (=finitely 
generated projective generators) are free, has Aut-Pic. In particular, local rings (by using 
a theorem of Kaplansky), principal right ideal domains (by [611 Corollary 2.27]), and 
polynomial rings k[Xi, . . . ,X„], where is a field (by Quillen-Suslin Theorem), have Aut- 
Pic. He also proved that every basic (semiperfect) ring has Aut-Pic (see [TTl Proposition 
3.8]). Moreover, it is well known that a semiperfect ring A is Morita equivalent to its basic 
ring eAe (see [S] Proposition 27.14]), and by Theorem 14.1.61 PiCk{A) ~ Outk{eAe). In [2H], 
the authors gave several interesting examples of coalgebras over fields having Aut-Pic. For 
instance, they proved that every basic coalgebra has Aut-Pic. On the other hand, we know 
[261 Corollary 2.2] that given a coalgebra over a field C is Morita-Takeuchi equivalent to a 
basic coalgebra Cq, and by Theorem 14.1.61 PiCfc(C) ~ Outfc(Co). 

Of course all of the examples of rings and coalgebras over fields having Aut-Pic men- 
tioned in [TT] and [2H| are examples of corings having Aut-Pic. In order to give other 
examples of corings satisfying the Aut-Pic property we need the next lemma which is a 
generalization of [711 Proposition 4.1]. 

We recall from [71] that an object M in an additive category C has the invariant basis 
number property (IBN for short) if M" ~ implies n = m. For example every nonzero 
finitely generated projective module over a semiperfect ring has IBN (from [5^, Theorem 
27.11]). 

Lemma 4.2.2. Let (£ be an A-coring such that is flat. If ^ M e bM'^ is {B,(t)- 
quasi-finite such that 

(a) B is semisimple and Ai'^ is locally finitely generated; or 

(b) B is semiperfect and there is a finitely generated projective Mq in A^'^ such that 
Home;(Mo, M) ^ 0. (the last condition is fulfilled if (t is cosemisimple, or (by Proposi- 
tion \1.2.'24\ ) if A is right artinian, is projective, and € is right semiperfect.); 

then M has IBN as a {B, €.)-bicomodule. 

In particular, if A is semisimple, or A is semiperfect and there is a nonzero finitely 
generated projective in Ai'^, then ^ € has IBN as an {A, (t)-bicomodule. 

Proof. We prove at the same time the two statements. Let Mq be a finitely generated sub- 
comodule of M (resp. a finitely generated projective in A^'^ such that Hom|i;(Mo, M) ^ 0). 
We have he;(M,Mo)* = RomsiWiM, Mq), B) ~ Home;(Mo,M) as left 5-modules. Since 
the functor — ®b M : Mb —>■ M'^ is exact and preserves coproducts, the cohom functor 
he^(A, — ) : Jvi'^ ^ M.B preserves finitely generated (resp. finitely generated projective) ob- 
jects. In particular, h£(M, Mq) is a finitely generated (resp. finitely generated projective) 
right 5-module. Hence the left 5-module Home;(Mo, M) is so. 

Now suppose that M™ ~ M". Since the functor Hom(r(Mo, — ) : bM'^ bM is k- 
linear, then Home:(Mo, M"") ~ Hom£(Mo, M") as left 5-bimodules. Hence Home:(Mo, M)™ 
~ Hom(r(Mo,M)" as left S-bimodules. Finally, by [5^ Theorem 27.11], m = n. 

For the particular case we take M = £. □ 
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Corollary 4.2.3. Let C be a k-coalgehra such that is flat. //O 7^ M G Ai*" is quasi- 
finite, such that 

(a) k is semisimple; or 

(b) k is semiperfect and there is a finitely generated projective Mq in M.^ such that 
Homc(Mo,M) ^0; 

then M has IBN as a C-comodule. 

In particular, if k is semisimple, or k is semiperfect and there is a nonzero finitely 
generated projective in Ai^ , then 7^ C has IBN as an C-bicomodule. 

Proposition 4.2.4. Let €. ^ be an A-coring such that A is semisimple, or A is semiper- 
fect and there is a nonzero finitely generated projective in Ai'^. If every <t-bicomodule 
which is {A, <t) -injector, is isomorphic to C^^^ as {A,it)-bicomodules for some set I, then 
the coring (t has right Aut-Pic. 

Proof. The proof is analogous to that of pSl Proposition 2.4] and the proof of Bolla ( PTI 
p. 264]) of the fact that every ring such that all left progenerators are free has Aut-Pic. 

Let M be a right invertible £-bicomodule. By assumptions, M ~ as (A, C)- 
bicomodules for some set /. Let Mq be a finitely generated (resp. finitely generated projec- 
tive) right comodule. Since Mq is a small object, then the fc-linear functor Home;(Mo, — ) : 
A4^^ — >■ AAk preserves coproducts. Therefore, Homir(Mo,M) ~ Homir(Mo, C)*-'^-' as left A- 
modules. Hence I is a finite set, and M ~ C*-"-* as (A, £)-bicomodules for some n>l. Let 
be a bicomodule such that (A^) is the inverse of (M) in Pic^(£), then 

a ~ MU^N ~ (T^^tacA^ ~ A^(") 

as (A, £)-bicomodules. On the other hand, A^ ~ C*-™-* as (A, £)-bicomodules for some set 
m > 1. It follows that € ~ C^""*) as (A, fi!:)-bicomodules. By Lemma [4. 2. 21 nm = 1 and then 
M ~ C as [A, C)-bicomodules. Finally, from Proposition 14.1.81 M ~ j£ as bicomodules 
for some / = (y?, 1^) G Autfc(£). □ 

Corollary 4.2.5. Let C be a k-coalgebra such that k is semisimple, or k is a QF ring and 
there is a nonzero finitely generated projective in Ai'" . If every right injective C-comodule 
is free, then the coalgebra C has right Aut-Pic. 

The following result allows to simplify the computation of the Picard group of some 
interesting corings. 

Proposition 4.2.6. (1) Let b^a be a bimodule such that is finitely generated and 
projective and is faithfully flat, and (S* Cg)^ is flat. Then Pic^(S* ®b^) — 
Picfc(-B), where S* (S)^ S is the comatrix coring associated to H. If moreover B has 
Aut-Pic then Pic^.(S* ®b S) ~ Outfc(S). 

In particular. For a k-algebra A and n ^ N, we have Pic^(M^(A)) ^ Pick{A), where 
M^{A) is the {n,n)-matrix coring over A defined in Example \1.2.S\ (6). If moreover A 
has Aut-Pic then Pic^(M^(A)) ~ Out a,. (A). 



169 



(2) Let (t be an A-coring such that is flat, and R the opposite algebra of*(t. If is 
finitely generated projective (e.g. if <t is a Frobenius ring), then Pic^(C) ~ Picfc(-R). 

(3) If <t is an A-coring such that a^ one? Ca are flat and the category Ai'^ has a small 
projective generator U, then Pic^(C) ~ Picfc(Ende;(f/)). 

Proof. (1) From Corollary 13 . 2 . 71 ( 1 ) . we have an equivalence of categories — S : ^ 
A^^*®-s^. Theorem 14.1.61 achieves then the proof. Now we prove the particular case. Let 
A be a fc-algebra and ri G N. If we take E = A", the comatrix coring S* ®b S can be 
identified with M^{A). 

(2) From Lemma [2.3.51 the categories Ai'^ and Ai^ are isomorphic to each other. It is 
enough to apply Theorem 14.1.61 

(3) This follows immediately from Theorems 11.1.711 and 14.1.61 □ 

4.3 Application to the Picard group of gr — (A, X, G) 

We begin by giving two useful lemmas whose proofs are straightforward. 

Lemma 4.3.1. A morphism (0,7) G IE*(A;) is an isomorphism if and only if a and 7 are 
bijective. 

Lemma 4.3.2. // (0,7) : {A,C,tlj) — > {A',C',tp') is a morphism of entwined structures, 
then {a ^ '~f,a) : A ® C —>■ A ® C is a morphism of corings. Hence we have a functor 

F : Kik) ^ Crg,. 

By Theorem 14.1.61 we obtain 
Proposition 4.3.3. For an entwining structure {A,C,ip) there is an exact sequence 

1 ^ Ker(fi o F) Autfc((A, C, ^)) ^ Ficl{A (g) C) ^ FicHMW'^), 

and Ker(f2 o F) is the set of (0,7) G Aut k{{ A, Cjip)) such that there is p & {A ^ C)* 
satisfying ^ (a(a) (g) 7(c(i)))p(l^ (g) C(2)) = ^pia ® C(i)) (g C{2) for all a e A, c e C. 

Lemma 4.3.4. A morphism {h,a,'~f) G D]K*(A;) is an isomorphism if and only if h, a and 
7 are bijective. 

Proof. Straightforward. □ 

Now consider the functor G : D]K*(A;) lE*(/c) defined in Proposition 11.5.2^ Hence 
Proposition 14.3.31 yields the following 

Proposition 4.3.5. For a DK structure {H,A,C) there is an exact sequence 
1 ^ Ker{n oFoG) AnhUH, A, C)) ^ Picl{A ® C) ~ Picl{M{Hf;) , 

and Kei^Qo F oG) is the set of {h,a,j) G Autk{{H, A,C)) such that there is p e (A^C)* 
satisfying ^ (a(a) (g 7(c(i)))p(1a ® C(2)) = ^pia (g C(i)) (g C(2) for all a e A, c e C. 
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Finally, we consider the category of right modules graded by a G-set, gr — (A, X, G), 
where G is a group and X is a right G-set. This category is equivalent to a category of 
modules over a ring if X = G and A is strongly graded (by Dade's theorem [771 Theorem 
3.1.1]), or if X is a finite set (by [THl Theorem 2.13]). But there are examples of a category 
of graded modules which is not equivalent to a category of modules, see |66i Remark 2.4]. 

Let G be a group, X a right G-set, and A be a G-graded fc-algebra. We know that 
(A;G, y4, G) is a DK structure, with kG is a Hopf algebra. Then we have, (A, /cX, tp) is an 
entwining structure where tp : kX®A A®kX is the map defined hy il){x® a g) = ag®xg 
for all a: G X, (yf G G, G Ag. A ® kX is an A-coring with the comultiplication and the 
counit maps: 

^A^kxia® x) = {a® x) ®a{)-a® x), eA^kx{a®x) = a {aeA,xeX). 

We know that this coring is coseparable (see Proposition 12.5.31) . From Subsection 11.5.31 
gr — {A,X,G) ~ Ai{kG)'^ . Moreover, we know that the family {1^ ® x | x G X} is a 
basis of both the left and the right A-module A^kX (see the proof of Lemma [2. 5. 51) . Each 
p G (A ® kXy is entirely determined by the data of p{1a ® x), for all x G X. The same 
thing holds for ip, where {(p,p) G Autk{A ® kX). 

By Theorem 14 . 1 . 6 1 we get 

Proposition 4.3.6. (a) We have, p G {A^kX)* is invertible if and only if there exists q G 
{A(g)kX)* such that Y.heG qilA®xh-^)p{lA(S)x)h = U = Y.heGPi'^A®^^'^)li'^A®x)h 
for every x G X. 

(b) We have an exact sequence 

1 KeT{n) Autfc(A ® kX) Picfc(A ® kX) ~ Picfc(^r - {A, X, G)) , 

one? {<f,p) G Ker(fi) and only if there exists p G (A kX)* invertible such that 

(i) for all X G X, a^p^lA ® x)h = /or all y & X , h E G such that yh ^ x, where 

ip{\A ®x) = T^y^x o-y ® y, and 
(a) for all X E X^a E A, p{a (8> x) = p(a)p(l^ C?) x). 

Proof. We have, p G (A ® A;X)* is invertible if and only if there exists q E {A(E) kX)* such 
that 



q[p{a ® x){1a ® X 
p{q{a ® x){Ia ® x) 



c)) = e(a ® x) = a 
)) = e(a ® x) = a. 



(4.4) 
(4.5) 
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for all a G A,x G X. (from Proposition 11.2. Jl ) On the other hand, 

q{p{ag'S) x){Ia'S) x)) = q{p{lA® xg~'^){ag x)) 

= q{^{bhag) x), where p{Ia xg~^) = 

heG heG 

= "^qi^A® x{hgy^){bhag), since bhttg e Ahg 

heG 

= q{lA ® xg'^h''^)p{lA ^ xg~^)hag, 
heG 

for all X G X, (7 G G, ag E Ag. Hence 

f!4.4p q{p{ag ® x){Ia® x)) = ag for all x G X, G G, G 

<^==^ ''^q{lA® xh^^)p{lA® x)h = Ia for allx G X. 

heG 

By symmetry, 

(USD ® xh'^)q{lA ® x)h = Ia for allx G X. 

heG 

By Theorem 14.1.61 (v9, p) G Ker(r^) if and only if there exists p G (A (g) fcX)* invertible 
with If {a ® x)p(1a ®) x) = p{a ® x) x for all a G A, x G X. On the other hand, 

(p{a ®) x)p{1a ® x) = p{a)ip{lA ® x)p{1a ® x) 

yex heG 

where v9(1a (S) x) = ^ y, ^(1^ (S) x) = ^ fo^, 

yex heG 

yex heG 

Since Xl^/ex o,y = '^° ® x) = p o £(1^ ® x) = 1a, (b) follows. □ 

Now, let / : G ^ G' be a morphism of groups, X a right G-set, X' a right G'-set, 
and (y9 : X — i> X' a map. Let A be a G- graded A;- algebra. A' a G'-graded fc- algebra, and 
a : A ^ A' a morphism of algebras. We have, h : kG kG' defined by h{g) = f{g) for 
each (yf G G, is a morphism of Hopf algebras, and 7 : kX kX' defined by 7(x) = f{x) for 
each X G X, is a morphism of coalgebras. It is easy to show that (/i, 0,7) is a morphism 
of DK structures if and only if 

(p{xg) = (f{x)f{g) for all 51 G G, x G X (4.6) 
a{Ag) C A'f^g-^ for all g e G. (4.7) 



172 



We define a category as follows. The objects are the triples {G,X,A), where G is a 
group, X is a right G-set, and A is a graded fc- algebra. The morphisms are the triples 
(/, (p, a), where / : G ^ G" is a morphism of groups, : X —>■ X' is a map, and a : A A' 
is a morphism of algebras such that (14. 6 p and (14. 7p hold. We denote this category by G^{k). 
There is a faithful functor 

H : G''{k) ]D)Kl{k) 

defined by H{{G,X,A)) = {kG,A,kX) and H{{f,(p,a)) = (/i,a,7). We obtain then the 
next result. We think that our subgroup of Pick{gr — {A, X, G)) is a natural subgroup and 
it is more simple than the Beattie-Del Rio subgroup (see [ini §2]). 

Proposition 4.3.7. There is an exact sequence 

1 Kei{Q oFoGoH) Autfc((G, X, A)) Picfe(A ® kX) 

c^PiCk{gr-{A,X,G)) , 
and Kei^Q o F o G o H) is the set of {f,ip,a) G Autk{{G , X , A)) such that there is 
p G (A kXy invertible satisfying 

1 ) p{a ^ x) = a{a)p{lA ® x) for all x E X,a E A, and 

2) p{Ia ® x)h = for all X E X,h E G such that {p{x)h ^ x. 
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